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I. Phan Iy thuyét

1 Tich vo hudng, khong gian Hilbert

1.1 Dinh nghia

Pinh nghia 1 1. Cho khong gian vectd X trén trudng sb6 K
(K =R hodc K = C).Mot anh xa tu X x X vao K,(x,y) — (x,y) dudc goi la mot
tich vo hudng trén X néu né thoéa man cac diéu kién sau:

(a) (x,x)>0 VxeX

(x,x)=0=x=20
(b) (y,x)=(x,y) ((y,x)=(x,y)néuK=R), Vx,yeX
© (x+x,y)=(x,y)+&\y)  VxxyeX

(

(d) (Ax,y)=Ax,y) Vx,yeX,VAeK

Tt c4c tinh chét i) - iv) ta ciling c6: _
(x,y +y")=(x,y) +{x,y"), (x,Ay)=2A(x,y)

2. Néu {.,.) 1a mot tich vo huéng trén X thi 4nh xa x — 4/ (x, x) 12 mot chuén trén X, goi
12 chudn sinh bdi tich vé hudng.



3. Néu (,,.) Iatich vo huéng trén X thi cip(X, (.,.)) goi 1a mot khong gian tién Hilbert (hay
khong gian Unita, khong gian véi tich vo huéng). Su hoi tu, khai niém tdp md,...,trong
(X, (.,.)) ludn dudc gan véi chudn sinh bdi (.,.). Néu khong gian dinh chuin tuong ting
day du thi ta néi (X, (.,.)) 12 khong gian Hilbert.

1.2 Cac tinh chat
1. Bt dang thic Cauchy - Schwartz:  |(x, y)| < ||x|L./ly ||
2. llx+yIP+lx—yIP=2(lxI?+ylI?)  (déng thic binh hanh).
3. Néulimx, = a,limy, =b thi lim(x,, y,) =(a,b)
Vidul 1. Trong C[a, b] cac ham thuc lién tuc trén [a, b] thi 4nh xa
b

(x,y)H<x,y>=f x()y(t)dt

la mot tich vo hudng. Khong gian (Cla, b],(.,.)) khong la khong gian Hilbert.(xay
dung vi du tuong tu & phan khong gian metric)

2. Trong I, v6i x = {Ar}, ¥y = {a}, ta dinh nghia

(x,y) =Zkkak
k=1

thi (.,.) 1a tich vo huéng, (I, (.,.)) 1a khong gian Hilbert.

2 Su truc giao

2.1 PDinh nghia

DPinh nghia 2 Cho khong gian véi tich vo hudng (X, (.,.)) vax,y € X,0# M C X.
1. Tanéi x truc giao véi y (viét x Ly) néu (x,y)
2. NéuxLly Vye€M thitaviét x M. Taky hiéu

Mt={xeX:x LM}



2.2 Cic tinh chat
1. Néu x L M thi x L (M)({(M) chi khong gian con sinh b&i M)
2. Néux Ly, VneN*valimy,=y thix Ly.Suyranéux L M thicingcéx L M.
3. M* 1a mot khong gian con déng.
4. Néu x1,...,x, doi ndt truc giao thi

X1+ ...+ x4l = Ix1]1? + ...+ ||x,|*(dang thiic Pythagore)

Pinh Iy 1 (vé phan tich truc giao) Néu M 12 mot khong gian con déng ctia khong gian
Hilbert (X, (.,.)) thi mdi x € X c¢6 duy nhit phan tich & dang

x=y+z, yeM,zeM* (1)
Phan ti y trong (1) goi 12 hinh chiéu truc giao ctia x 1én M va c6 tinh chit

x—yl||= inf ||x = y||.
lx=yll= inf lbe =l

3 He truc chuan. Chuéi Fourier
3.1 Dinh nghia
Cho khong gian Hilbert (X, ., .))

1. Hé {e}, e,,...} © X goi 12 mot hé truc chuin néu

0 néui#ij
<ei,ej>={ 7]

1 néui=j
Nhu vay, {e,,} 1a hé truc chuin néu|le,]|=1 VYneN‘vae; L ej(i #j).
2. Hé truc chuén {e,} goi 1a diy di, néu n6 c6 tinh chit sau:
(xLe, Vn=1,2,..)=>x=0.
%
3. Néu {e,} 1a hé truc chuan thi chudi Z(x, e,) - e, goi 1a chudi Fourier clia phan ti x

n=1

theo hé chuan {e,}.



Pinh ly 2 Cho {e,} 1a hé truc chuin trong khong gian Hilbert (X, (.,.)) va {A,} 1a mot day

sb. Ta xét chudi o
Z An€n (2)
n=1

Ta co:

1. Chubi (2) hoi ty khi va chi khi Y |2, < oo.

n=1
2. Gia st chudi (2) hdi tu va co tong x thi

= 1AF  (xen)=A,  VneN

n=1

Pinh Iy 3 Chudi Fourier ctia moi phan ti x € X theo hé truc chuin {e,} 12 hdi tu va ta c6
Z 1(x, en)? < ||x?| (bt dang thic Bessel).
n=1

Y nghia ctia hé tryc chuén day di dudc 1am 16 trong dinh ly sau.

Pinh Iy 4 Cho {e,} 12 hé truc chuin. Cic ménh dé sau 1 tuong duong:

1. Hé {e,} day dua

2.
x:Z(x,en)en, VxeX.
n=1
3. N
Ixl2=> |(x,e))?  ¥YxeX  (ding thic Parseval)
n=1
I1. Phan Bai tap

Bai tap 1 Trong khong gian [; c4c diy sb thuc x = {kk},z |Ak| < oo ta dinh nghia
k=1

(,y)=> A-ar,  x=iudeb,y={mtel
k=1



1. Ching minh (.,.) la mdt tich vo6 hudng trén [;.
2. (14,(.,.)) khong la khong gian Hilbert.
Giai

1. Trudc tién ta can kiém tra (x,y) xdc dinh Vx,y € I;. That vay, vi lima; =0 nén {a;}
bi chdn: AM € R, |ax| < MVk e N".

Do do
o0 o0
D ke <MD |l <oo
k=1 k=1

va chubi dinh nghia (x,y) hoi tu.
Céc diéu kién cta tich v hudng dé dang kiém tra.

2. Chufn sinh bdi (,.) s I [|x|| = (in) x = Al
1
Xét day fx,} € Vo x, = {1, 7,00, —,0,0,...].

e Taco {x,} la day Cauchy vi véi n > m:

1 1
,———eee,—,0,0,...
m+1 n

1

n 1 2
= [1xp —xmll - = (Z F) —0  (khi n,m — o0)

Xn—Xn = {0,...,0

k=m+1

e Ta chung minh {x,} khong hdi tu.
Gia st trai lai ton tai a = {a,} € [; sao cho:

lim||x,, —a||=0.

Cb dinh k e N*, khi n > k, ta cé

p <|lx, —all

‘ 1

N ) 1 RPN |
Tu day ta co A= Vk e N, vo ly vi day {E}kgéll.
Vay [; v6i tich v hudng trén khong la khong gian Hilbert.

Bai tap 2 Cho khong gian Hilbert X va X, la khong gian con dong cia X, A: Xy, — Y la anh
xa tuyén tinh lién tuc(Y 12 mot khong gian dinh chuin). Chiing minh ton tai 4nh xa tuyén
tinh lién tuc B: X — Y sao cho B(x)=A(x) VxeX,, | B|l=|All
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Giai

e Ta dinh nghia 4nh xa A nhu sau. Theo dinh ly vé phén tich truc giao, mdi x € X c6
duy nhit phan tich
x=y+z, yeXpz€X; (3)

va ta dit B(x) :=A(y).
Vi phan tich dang (3) cua x € X 1a x =x + 6 nén ta co ngay B(x)=A(x) VxeX,

e Takiém tra B 1a tuyén tinh: véi x,x’ € X, a, @’ € K ta viét phan tich (3) va
xX'=y'+7, yeXp,zeX;
Khi do:

ax+d'x’ = (ay+dy)+(az+a'z)

€Xo EXOl
= Blax+d'x’) = A(ay+a'y’)
= aA(y)+dA(y")
= aB(x)+d B(x).

e Tiép theo ta chiing minh B lién tuc va || B|| = ||A]|.
T (3) va dinh ly Pythagore ta c6 ||x|[*=||y|* + 1z, do d6:

1B = [JAI=IAll-llyll (Do A lién tuc)
=B < lAll-llx]l, VxeX
Viay B lién tuc va || B|| < ||A]|. Mét khac ta c6:
IBll= sup [[B(x)[[= sup [B(x)l

xeX,||x||=1 xeXo,||x||=1
= sup [[A(x)l=IAll
xeXp,||x||=1
Vay || Bl = [|All.

Bai tAp 3 Cho hé truc chuén {e,} trong khong gian Hilbert X. Xét day anh xa
P X—X
Pn(x):Z(x,ek)ek, xeX,neN".
k=1

1. Chitng minh P,(x) 12 hinh chiéu truc giao ctia x 1én X,, :=(ey, ..., e,).

6



2. Gia st hé {e,} day di. Chiing minh lim ||P,(x)— I(x)|| = 0 Vx € X nhung
|P, — I|| - 0(I : X — X 1 4nh xa dong nhat)

Gidi

1. Tacé: x =P, (x)+(x — P,(x)), Pu.(x)€X,.
Do d6 chi con phai chitng minh x — P,(x) € Xi hay x — P,(x) L X,,. Vi X, sinh
bdi {ey, ..., e,} nén chi can chitng minh x — P,(x) Le; Vi=1,...,n.That vay:

n

(x = Pu(x), €)= (x, ) = ) _{x, exlex, ) = (x, e1) = (x,e:) =0

k=1

2. —=Do dzzlng thuc Parseval, ta c6 Vx € X:

[0 ¢]
x= Z (x,er)-er= hmZ(x er) - ek—hmP (x)
n—00
k=1 k=1

- bat
Qu(x)=I(x)=Py(x)= D (x,ex) ex,x€X,n=12...
k=n+1
Ta c6 Q,(x) tuyén tinh va
1Q.(x)II* = Z {x, ex)” <|lx|I* (bdt Bessel)
k=n+1

= Qy lién tuc, ||Q,|| < 1

e
Mat khac, Q,(en+1) = ens1 va [|Qul] = M =1néntaco ||Q,l=1

llenll
hay || —P,||=1

Bai tap 4 Cho {e,} la hé tryc chuin trong khong gian Hilbert X va {A,,} 1a diy sb.
1. Gia st {4,} 1a ddy bi chin. Chiing minh ring
AX)=) Aulx,en)-en XxEX “)

12 4nh xa tuyén tinh lién tuc tif X vao X va ||A|| = sup|A,|

neN*



2.

Gidi

1.

Gia st chudi trong (4) hdi tu Vx € X. Chiing minh {A,} 1a day bi chén.

bat M =sup|A,|
neN*
Pau tién ta kiém tra A x4c dinh hay chiing minh chudi trong (4) hoi tu. Ta c6

D Pl )P <MY [(x, en) < M2 ||x]? (5)
n=1 n=1

nén theo dinh 1y 2, chudi trong (4) hoi tu.
Dé kiém tra A 1a 4nh xa tuyén tinh. Tir dinh 1y 2 va (5) ta c6

IAGIE =D 1Alx, e, < M?-||x|? VxeX
n=1
= Aliéntuc, ||A||I<M
Mac khac ta co:

Aler)=Arer  vallAledll =[lAll VEeN
nén [|Al|>|A] VkeN*. Do dé ||Al|>M. Vay ||Al|=M dpem.

Tir gia thiét va dinh ly 2, ta c6
D AP lix,en) <oo  VxeX. 6)
n=1

Néu {2,,} khong bi chin thi ta tim dugc diy con {An}k sao cho |A,, | > k(k € N¥). Ta
co

00 1 00 1 00 ] | /
Zk EE SkZ 2 =da:= E o (theo dinh 1y 2)
=1 -

k=1 k
Ta co
1 £
@en=1 7 ncj,unznk
0 néu n ¢ in;, ny,...}
do do:



o0 o0 1
D Al a, )P =D AP o =00
n=1 k=1 o

Ta gdp mau thuan vdi (6).



