vd

‘%‘W 1N
i nﬁlk

B



Hinh bia

Thép Quang Chau l1a mot toa thdp truyén hinh cao 600 mét tai Quang
Chau, Trung Qudc. Thép dudc thiét ké phiic tap va do mot cong ty Ha
Lan la IBA dam nhiém.




TS NGUYEN THAI SON

HINH HOC
GIAI TICH

va
PAI SO MAY TiNH

PAI HOC SU PHAM TP HO CHI MINH
2014



Copyright (©) 2014 Nguyén Thdi Son, typesetting by I&TzX

NHA XUAT BAN DA HOC SLPHAM TP HO CHI MINH

T4c gid gilt ban quyén. Moi hanh vi photocopy, sao chép toan bd hodc
tiing phan déu 12 bat hop phap. Ban c6 thé nhan dudc mot ban sao hop 1&
tai

http://osshcmup.wordpress.com

In lan thit nhat, Thang ba niam 2014



1.1

1.2

1.21
1.2.2
1.2.3
1.24

1.3
1.3.1

1.4

1.41
1.4.2

Pai so vecto

Khai niém vecto

Phép cong, phép tri¥ vecto

CONG VECIO . . o
Céc tinh chat clia phép congvectd ... .................
Tr VeCIO . . o
Nhan métvecto v8imodtsd . ... .. ... ...

Cac vecto déc lap tuyén tinh va phu thudc tuyén tinh
Didu kién can va di dé mot hé vecto 1a phu thudc tuyén tinh . . . .
Tich v6 hwdng clia hai vecto

Tinhchat .. ...
Apdung ... .




1.5
1.5.1

1.6
1.7

1.8

1.8.1
1.8.2
1.8.3

2.1
2.2

2.3
2.3.1

2.4

2.5

2.51
252
253

2.6
2.7

3.1
3.1.1

3.2
3.2.1

Tich c6 hudng clia hai vecto
Tinhchat .. ... ... . . . .. ...

Tich hén tap cla ba vecto

Biéu thirc toa do clia cac phép tinh vecto

Phép bién déi toa do

Phéptinhtién . ........ .. ... ..... ... ........

Phépquay . ... ... ...
Phépddi .. ...

DPuong bac hai
Phuong trinh téng quat ctia dwdng bac hai
Puwa vé phuong trinh chinh tac

Tiép tuyén clia ba dwdng cénic.
Tinh chéat quang hoc clia ba dudng conic-Dinh ly Pascal.

Puwadng kinh ctiia ba duwdng conic

Tam, phuong tiém can va duwdng tiém can

Tamcladuongbachai. . .....................
Phuongtiémean. . ...... .. ... .. ... . ... ... ..
Puong tiém can clia hyperbol. . . .. ... ... ... ...

Pinh, tiéu diém, truc va dwong chuén cha parabol.

Phan loai duwdng bac hai

Mit bac hai

Mat tron xoay.
Phuong trinh chinhtdc. . .....................

Mat tron xoay bac hai.

19
20

21
23

24

24
26
27

33
39

45
47

49

53

53
55
55

58
61

71
71

73

ElpXOIt trON X0AY. . . . v v vt e e e e 73



3.2.2
3.2.3

3.3

3.3.1
3.3.2
3.3.3
3.3.4
3.3.5

3.4

3.4.1
3.4.2
3.4.3

Hyperboloittron xoay. . ... ... ... . ... .. . ... .. ... ... 74

Paraboloittron xoay. . ...... ... .. ... 76
Mat bac hai. 78
Phép co v& mat phing (Oxy) v8ihésbk. . .. .............. 78
Mat hyperboloit. . . ... ... ... . . 79
Mat paraboloit. . .. ... .. .. . 79
Matnénbachai. .. ........ ... ... ... 81
Mattrubachai. .......... .. . .. ... 81
Mat ké bac hai va duwdng sinh thang. 84
Puong sinh thing cGa mét hyperboloit méttang. . .. ....... .. 84

Tinh chét clia cac duding sinh th&ng clia mat hyperboloit mét tang. 86
Tinh chét clia cac duding sinh th&ng clia mat paraboloit hyperbolic. 90

Tai liéu tham khao






Khai niém vecto

Phép cong, phép trir vecto

Cac vectd ddc 1ap tuyén tinh va phu thudc tuyénf
tinh

Tich vé hwéng ctia hai vecta

Tich c6 huéng -
Tich hén tap ¢

Biéu thiic toa 1 Fac Bai Sé VeCtd

Phép bién déi ti

Khai niém vecto

e Vecto 1a mot doan thdng da dugce dinh hudng, nghia 1a da qui dinh
thé tu cta hai dau mit. Dau miit th{ nhit goi la géc , du mait thit
hai goi 1a ngon. Vecto c6 gbc 1a A va ngon la B, ky hiéu AB va doc
1& vecto AB. l\gf)t vectd ¢6 gdc tring v6i ngon goi 1a vects khong
vaky hiéula 0.

e Dudng thing di qua A va B goi 1a gid cta vecto 1@ b0 dai doan
thiing AB goi 1a mo-dun ciia AB va ky hiéu 12 |AB|. Nhu vay mo-dun
clia mdt vecto 1a mot s6 khong am. Vectd ¢6 mod-dun bing 1 goi la

vecto don vi. Vectd 0 c¢6 md-dun bang 0.

e Hai vectd dudc goi 1a ciing phuong néu gid cia chiing song song
hodc trung nhau.

e Hai vectd cling phuong va c6 gid song song thi c¢6 thé cung huéng
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hoi#ic ngudc huéng. Pudng théng ndi hai gbc chia mit phing lam
hai mién. Néu hai ngon cling  mot mién thi ta néi hai vecto cing
huéng. Néu hai ngon & hai mién khéc nhau thi ta néi hai vecto
nguoc hudng.

e Hai vectd cling phuong va ¢6 gid tring nhau thi ta tinh tién gbc ctia
vectd nay dén triing véi gbc clia vecto kia. Néu ngon clia vecto nay
cung phia v6i ngon cia vecto kia thi ta néi hai vecto cung hudng,
ngudc lai ta néi hai vecto nguoc hudng.

.
..
.
N
.
.
.
.~
A bR
.
.
~a
A
.
...
C ...
.
Y
)
AR E
.
~u
2
<.
.
.
~a
A B P c _D

Trén hinh V&, E cung huéng véi C% va ngugc hudéng véi ﬁ .

e Hai vecto dugc goi la bing nhau néu ciing huéng va c6 mo-dun
bing nhau. Hai vecto dudc goi 1a doi nhau néu ngudc hudng va cé
md-dun bing nhau.

e NéuAB vaCD bing nhau ta viét:

AB=CD
néu zﬁ va C—l>) déi nhau ta viét zﬁ = —C—IS,

e Mot vectd ¢6 gbe xéc dinh, vi du 1@, goi 12 vecto budc. Mot vecto
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ma ta chi quan tam téi phuong, huéng va moé-dun va khong quan
tAm t6i gbc clia vecto nay dit & (Eﬁ)u dudc goi la vecto tu do. Ta
thudng ky hiéu vecto tu do 12 @, b v.v...

1.2 Phép cdng, phép tri¥ vecto

1.2.1 COng vecto
. S T e Al 2 X 5. 12 <~ AA
Cho hai vecto @ va b . Tt mot diém O trong mdt phang ta vé OA = a

— . —
va E = b.Vecto ¢ = 07 goi 1a vecto tong cua hai vecto dvab.

1.2.2 Cac tinh chét ca phép cdng vecto

Tinh chét 1. Phép cong vectd c6 tinh chit giao hodn, nghia la:
d+b=b+d
Tinh chét 2. Phép cong vectd c6 tinh chét két hop, nghia la:
(@+B)+C=a+(b+72)

Tinh chét 3. -
d+0=1d
Tinh chit 4. R
d+(-d)=0

1.2.3 Trur vecto

%
Cho hai vecto @ va b . Ta dinh nghia:

7-b=a+(-7)
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Nhén xét

@ H¢ thitc Chasles. Theo dinh nghia ta c6:

@ Coéng thite ddi gbe.

AB+BC = AC

AB = OB — OA

@ Mo-dun ciia tong va hiéu.

1.2.4 Nhan mét vecto véi mét so6

@+ 5|<|d|+|D] (1.1)

7 -D|>2|- 7] (12)

Trogg cong thic (1.1), x4y ra ddu bing khi va chi khi @

va b clung hudng.

Trong cong thic (1.2), x4y ra ddu bing khi va chi khi d

%
va b cung hudng va

=15

Pinh nghia 1.2.1 Tich cta d véi sb thuc k # 0 1a mot vecto ky hiéu
k'd . c6 mo-dun bing |k|.| |, cing huéng v6i @ néu k_>> 0 va ngugc
huéng v6i @ néu k < 0. Tich ciia vecto @ v6is6 012 0.

Tinh chat

Tinh chét 1.
Tinh chét 2.
Tinh chét 3.
Tinh chét 4.
Tinh chét 5.

. d="1d
(-1).d=-d

p.(qd) 3(1)61)7 .
p.(7+ b)zp?—i—pb
(p+q).d=pd+qd



1.3 Céc vecto doc lap tuyén tinh va phu thudc tuyén tinh 13

1.3 Céc vecto doc lap tuyén tinh va phu thudc tuyén tinh

Dinh nghia 1.3.1

Cho k vectd @i, a3, a3, ..., aj va k sd thuc p1, p2, p3, ..., Pk.

o Tagol & — — — —
Y piai = piai + paas + paas + -+ prap
i=1

12 mot t8 hop tuyén tinh cla céc vectd aj, a3, a3, ..., ai.

e Céc vectd ai,a3,ds, ..., a; dudc goi 1a phu thudc tuyén tinh
néu ton tai cic sb p1, p2, p3, . . ., px khong dong thdi bing 0 sao

cho k
— —
Y piai=0
i=1
e Cidc vectd af,as,ds,. .., a; dudc goi 1a doc lap tuyén tinh néu
t k
o =
Y piai=0
i=1
tasuyrapy=pr=p3=---=pr=0.

1.3.1 Diéu kién can va di dé moét hé vecto 1a phu thudc tuyén tinh

Pinh 1y 1.3.1 Mot hé vecto ai,as,a3,...,a; (k> 1) 1a phu thudc
tuyén tinh khi va chi khi c6 it nhat mot trong cdc vectd Ay 1a td hop
tuyén tinh ctia cdc vectd con lai.

Chitng minh.

Cén. Gia sit hé vectd af, a3, a3,...,a; (k> 1) 1a phu thudc tuyén tinh.
Theo dinh nghia ton tai mot s6 p; # 0 sao cho

%
Pja_J}JrZPiE> =0
i#]
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Khi d6: a=-Ya
i#j Pi

Q
<

Dii. Gia sii trong hé vecto ai,a3,a3,...,a; (k> 1) c6 mot vecto 1a t6
hop tuyén tinh clia cdc vectd con lai, gi st vecto d6 1a a; sao cho

Khi d6:

vi —1 # 0 nén hé vectd trénda néu la phu thudc tuyén tinh.

Pinh Iy 1.3.2 Diéu kién can va di dé hai vectd phu thudc tuyén tinh 1a
ching cling phuong.

— . —
Chitng minh. Gia sit d va b laphu thue tuyén tinh. Khi d6 d=p.b
hay b = q.7. Nhu vay hai vecto dvab cung phuong.

Nguoo lai, gla st hal vecto @ va b cung phuong. Ta chi xét truong hop

ZL0vb # _? -
Hai vectd ] = ﬁ vaiel = ﬁ cung phuong va ¢6 md-dun bing nhau
aj

(vi déu bang 1) nén bing nhau hoiic ddi nhau. Ta viét:

q=3 hy o=
Vi - ‘al‘ LA - <0 N
ay aj — ka3 voik = j:j Do dé6 hé hai vecto @ va b 1a phu thude

tuyén tinh.
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Pinh Iy 1.3.3 Diéu kién cin va di dé ba vectd phu thudc tuyén tinh 1a
ching dong phéng.

— <
Chitng minh. Gi sit hé ba vecto {7, b ,?} 1 phu thudc tuyén tinh.
Khi d6 c6 mdt _V>ect0 12 td hop tlié;n tinh cia hai_> vecto con lai, gia st
T =pd+q b TudiémOVe 0A=d,08= 1,00 = 7, ta c6:

&':p.a—kq.@ (1.3)

e Nud@vab khong cing phuong thi ba diém O, A, B khong thing
hang. Qua ba diém nay ta v& dugc mot mit phang (P). Tu déng
thic (1.3) ta suy ra di€ém C € (P). Vay ba vectd 7,?,? dong
phéng.

e Néud va 7 cuing phuong thi ba diém O, A, B ndm trén mot dudng
thdng. Tur ddng thic (1.3) ta suy ra diém C cling nim trén dudng
théng 4y. Do d6 ba vects @, Z), ¢ ddng phéng.

Tém lai ta da chiing minh ba vectd d, ? va’@ dong phéng.

Ngudc lai, gia st ba vectd d, Z) va’e ddng phing. Ta xét hai trudng

hop.

Truong hgp 1. d va Z) khong cuing phuong. Goi dy4,dp 1an luot la
dudng théng OA va OB. Tui C ta vé CA’ song song véi dp cit da tai
A’. Ciing tit C ta vé& CB' song song v6i d4 cit dp tai B'. Theo qui
tdc hinh binh hanh ta c6:

0C = OA' + OB = p.OA +4.08

— —
Nhuvly ¢ =p.d+qb.Dodébavects d, b va ¢ 1aphu
thudc tuyén tinh.



1.4

16 Dai s6 vecto

— .
Truong hgp 2. a va cung phuong, ta cé d =k.b.Taviét:

%
1. -k b+07 =0

Do d6 hé ba vecto b va e la phu thudc tuyén tinh.

Tich v6 huéng cua hai vecto

— —
binh nghia 1.4.1 Cho hai Vectd dvabva goi d 1a gid cua vecto b .
Trén d ta chon Vecto donvi ¢ ¢ cung huéng v6i b . Khi d6 ta goi d la
truc chia vecto b

Gié sit b — AB. Goi A’ va B' 1an lugt 12 hinh chiéu vudng géc ctia A va
B trén d. Vectd A’'B’ goi 12 vecto chiéu ciia vecto AB trén truc d. Ta cé6:

—
A'B =pe

A Il N p P AN A I ! P Z:
p > 0néuA'B cung huéng véi ¢ va p < 0 neu A'B’ ngudc huéng véi

¢ .Ngoaira |p|=|A'B|=A'B

Sé da'
1a

_6> goi 12 chiéu ciia vecto b lén truc chita vecto d vata ky hiéu
b.

h
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Ta chting minh

ch b — |Z>|.cos(p

d

%
v6i @ la géc tao bsi b va q. R R
e néu ¢ I1a géc vudng, nghiala b L @ thi ch b =0 vi lic d6

d
A'=PB.
e néu @ 1a géc ti (xem hinh vé) thi
— —
|b|.cos(m—@)=AB"=A'B'= | b|.cosp = —A'B’
P
Do ¢ 1a géc tu nén: A'B" ngugc hudng véi d,dodé ngudc huéng
v6i €. Vay p=—A'B.
Nhu vay ta cé:
b

4

_>
|b|.cos¢p=p= ch

e néu ¢ 1a géc nhon ta chitng minh tuong tu.
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Dinh nghia 1.4.2 Tich v huéng cla hai vecto 12 mdt sé bing tich
md-dun cila hai vecto véi cosin clia géc tao bdi hai vecto Ay.

%
Cho hai vectd @ va vectd b va goi @ 1a géc tao bdi hai vectd. Theo dinh
nghia ta cé:

2.8 = [@|.|D]|.cosp
=|d|.ch 7
|d| A

Hé qua 1.4.1

(1) Taky hiéu @. @ = @2 va doc 1 binh phuong vé hudng ciia
vecto 7

Tacé: d.d =|d|*.
Vay
at=|a)?

X <A X N £l R . Ve _> A 2 2y
@ Diéu kién can va du dé hai vectd (khac 0 ) vudng gbéc v6i nhau
1a tich vo huéng ctia ching bing khong.

T 1B =75 =0

1.4.1 Tinh chét
@ Tich vo hudng c6 tinh chét giao hodn:
d.b=0b.d
@ Tich vo6 huéng c6 tinh chit phan phdi véi phép todn cdng:
2.(b+e)=a.b+a.c

@ p (@)= (pd). 5 =4 (p.7)
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1.4.2 Ap dung

Dua vao céc tinh chét da liét ké ta chiing minh dudc cédc hing ding thiic
sau day:
— - -
@ (@+7).(d-7)=a>-»>
—\2 - =
) (7+ b) =d*+2d. b+ b*
—\2 - =
@ (a-7) =a*-2d.5+ 5>

1.5 Tich cé huwdng cla hai vecto

Dinh nghia 1.5.1

I%m dién tao bdi ba vecto
OA,0B,0C (khong ddng
phéng va theo thé tu Ay)
dugc goi 1a tam dién thuin T = [7 7]
néu mot ngudi ding doc
theo vecto 07‘ (hudéng cua
vectd 1a huéng tir chan dén

dau) thdy huéng quay tir 0]

— 7

OA dén vecto OB la nguoc N}
A —

hudng quay ciia kim dong a T "

ho. A o L\3

.........

%
Pinh nghia 1.5.2 Tich c6 huéng ctia hai vectd d va b lavects ¢
thoa céc diéu kién sau day:

e 17 : TLD
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. —
I e tam di€n taogéi ba vecto 7, b, < 1atam dién thudn
_> .
o |C|=d||b|]|sing]
— —
Ta ky hiéu tich ¢6 huéng cia hai vects @ va b 1a [7, b } .

- 7 s A
m Viduy 1.1 Trong khong gian cho i ,7, k la ba vectd don vi va vudng
gbc v6i nhau tiing d6i mot nhu hinh vé.

Ta c6:
A
_> ~ -
— —
K Q=%
- : _>: N
J 7K =T .
= =] _ =
Z, k,i|=1]

Tur dinh nghia ta ¢ nhin xét sau day:
. e . . =1 =
e Néu @ va b la hai vecto cung phuong thi [7, b} =0.

— <
e Mo-dun ciia [7, b } biing dién tich ciia hinh binh hanh tao bdi hai

_>
vecto @ va b .

1.5.1 Tinh chat

@ Tinh chét 1: Tich c6 huéng ciia hai vectd c6 tinh chét phan giao

hoén, nghia la:
@ 5] =-[7.7]
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(2) Tinh chét 2: Tich c6 huéng cia hai vectd c6 tinh chit phan ph6i
ddi véi phép cdng vecto, nghia la:

[7,?@] _ [7,7]
Z.7

[@.¢]
[@+75,2]=[7,7]+[?.7

77

@ Tinh chat 3: p. [7,?} = {p?,?] = {a,p.?]

_.I_
+

Nhan xét Tich ¢6 huéng clia hai vectd théa dbng nhit thic
' Jacobi:

(@ [0 @)+ [p.[ @] +[7.[2.7])] =0

Nhu vay khong gian R cung véi phép toan hai ng6i 1a tich c6
huéng cta hai vectd 1ap thanh mét dai so Lie.

1.6 Tich hon tap cta ba vecto

x —
Pinh nghia 1.6.1 Ta dinh nghia tich hon tap cda ba vecto 7, b ,?
theo ding thd tu do la:

. 5 . -
Dinh ly 1.6.1 Tich hon tap cla ba vectd khong dong phang ?, b ,?
1a mdt s6 c6 gid tri tuyét ddi bing thé tich ctia hinh hdp dung trén ba
- — QX A £ - A N A
vecd 7, b, ¢. S0 ay duong néu ba vecto 7, b ,? lap thanh mdt tam
dién thuin va Am néu ba vectd 14p thanh mot tam dién nghich.
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Gia sit @, b, ¢ 1a ba vectd
khong dong phéng. Néu ba
vectd trén 1ap thanh mot tam
dién thuan thi [7, 7} e
hdp v6i nhau mét gée nhon.

Khi d6

7,?,?):\[7,7”.011 Ny
( 2.7]

— —
‘ [7, b } ‘ 13 dién tich hinh binh hanh tao bdi hai vects @, b .
N —
_1 7 12 chidu cao hinh hop dung trén ba vectd 7, b ,?.

a,b
— . . )
Vay (7, b ,?) bang the tich V ctia hinh hop va 1a mét so duong.

ch[

. —
Neéu ba vectd trén 14p thanh mot tam dién nghich thi {7, b, —?} lap
thanh mot tam dién thudn nén theo chiing minh trén:

(7,7,—?) —y

Dods: (@,5,7)=-[a,5].(-7)=-Vv <o.

Dinh 1y 1.6.2 Diéu kién can va du dé ba vecto dong phéng 1a tich hdn
tap ciia ching bing 0.




1.7

1.7 Biéu thiic toa do cla céc phép tinh vecto 23

Chitng minh.
Can. Gia st 7 b 7 12 ba vecto dong phing. Tir diém O ta vé:

OA=7 ; OB=1 ; oOC=

e Néud va b cling phuong thi [7, } = 0 do dé:
(#.3.2) =0

< — —
e Néud va b khoéng cuing phuong thi [7, b} = 7 = 0_D> Do
OD 1 mp(OAB) nén OD L OC. Nghia la:
@ p] 1@ (7 b,7)=0
5 2 o - — £ - — A PN 2

Du. Gid su (7, b,c ) 0. Néu ba vecto @, b, ¢ khong dong phang
%

thi theo dinh 1y trén, (7 b, c6 gid tri tuyét ddi bing bing thé tich

%
cia hinh hop dung trén ba veco 7 b. 7. Do dé (7, b ) £ 0. Mau

thuén.

Biéu thirc toa d6 cua cac phép tinh vecto

Trong khorg gian Oxyz v6i hé truc toa do truc chuén (O; i 7 k ) trong

do l . J , k 1an lugt 1a cac vectd don vi trén cdc truc Ox; Oy va Oz.
Gia st ta c6 ba vecto 7 b 7 nhu sau:

7:611 i +a2J +a3k

_)

b—bll+b2] + b3 k
- -

7= 1i—|—CzJ+C3k
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@ Tich v6 huéng cia hai vecto:
— — —
27D = (a1?+a2?+a3 k) . (b1?+bz?+b3 k)
=ay.by +ay.by +a3.bs (1.4)
@ Tich c6 huéng cta hai vecto:
— — —
[7, b} - [(a17+a27+a3 k) , <b17+b27+b3 k)]

— -2 -
= (azb3 —a3b2) 1+ (a3b1 —a1b3) J + (albz —azbl) k

(1.5)
77
= | a ay aj (16)
by by b3

@ Tich hodn tap clia ba vecto:

(7,?,?) - [7,?} z

a az as
=| by by b; (L.7)
T C (3

1.8 Phép bién doi toa do

1.8.1 Phép tinh tién

Trong miit phéng, xét hai hé truc toa do truc chuan (I) Oxy va (II) Ix'y’

trong d6 hé truc (II) 1a 4nh cta hé truc (I) qua phép tinh tién theo vecto
Ol v6i diém I ¢6 toa do d6i véi hé (1) 1a (a;b).
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Gia stt mot diém M c6 toa do d6i vé6i hé truc (1) 1a (x;y) va toa do dbi véi
hé truc (I1) 1a (x;y"). Ta thiét 1ap mdi quan hé gitta (x;y) va (x';)').

Ta cé:

—_— — = X.I =x.01 —a.li

Ta c6 nhén xét do phép tinh tién ta c6: i’ =
thiic trén ta suy ra:

X =x—a
y =y—b
hay
X :ﬂ+a
1.8

Céc cong thidc (1.8) goi 12 biéu thitc toa dé ciia phép tinh tién.

A7
J
1 ;7 x
y ; M
A Y
/ —
l
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1.8.2 Phép quay

y
N T M

Quay hé truc toa do (I) (Oxy)
e mdt géc @ quanh goc O ta c6

VA AN , hé truc toa do (II) (IxX'y).
— s ‘x f Goi i, j' lacdc vectd don vi

I'X\A 77 trén hé truc (I1). Ta c6:
— .
0O >__>¢'?x X 7:cos(pi +s1n(p?
1

Suy ra:

?:cos ((p—i—%)?—i—sin ((p+g>7

=—sm@ i +cosQ j
Gia st diém M c6 toa do (x;y) trong hé (I) va (x';y') trong hé (I1). Vay:

OM=xi+y] (1.9)
Ngoai ra OM — x’7 —|—y’7
=x'(cos (p? +sin (p7) +y' (— sin (p? +cos (p?)
= («'cos@ —y'sing) 7+ (x'sin@ +y'cos@) 7
(1.10)
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So sanh (1.9) va (1.10) ta c6:

g _ /] . / — 1
{x =xcos@—ysing {x XCOS @ +ysin@ (1.11)

y =x'singp+y cose y = —xsin@+ycos@

Céc cong thic (1.11) goi 1a biéu thitc toa dé ciia phép quay.

Phép ddi
Tich ctia phép quay va phép tinh tién c6 tinh chit giao hoédn va tich ctia
hai phép bién hinh nay goi 1a phép doi.

Biéu thiic toa do ctia phép ddi la:

_ / o
{ X —a+x/0f)sq0 }jsm(p (1.12)
y =b+x'sin@+ycos@

= Vi du 1.2 Trong mit phing xét mot dudng ¢ 1a tp hdp nhiing diém M
c6 toa do thda man phuong trinh:

42y +y?—4x+2y—6=0 (¢

—g; 31) . Hay viét
2424

phuong trinh ctia dudng ¢ trong hé truc toa dd mdi Ix'y’ va cho biét £ 1a

dudng gi?

T .
thuc hién phép quay mot géc ¢ = 1 quanh diém / (

Giai:

Xét phép doi thuc hién nhu dé bai yéu ciu. Biéu thiic toa do ctia phép doi
la:
= B%— / cos = —y/ sincos —
A VI 4

31+ ’sincosn+ ’coscos7r
[ — X _ -
g 24 47 4
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hay:
19 2
_ .2 (¥ =)
24 2
(1.13)
31 \/i / /
Y= gty W)
Thay (1.13) vao phuong trinh ctia dudng ¢ ta cé:
<+\f> T — V2 +3V2y —6=0
thu gon:
1 / ? / / 1
< 1
Néutadit X = 3 +V2X Y =X +3Y +7V2 taco:
X2
Y=—
V2
Phuong trinh trén biéu dién ¢ 1a mdt parabol. n
BAI TAP

— —
Bai tap 1.1 Cho hai vects @ ; b sao cho |[d| =3 ; ]b[zZVé

7, ) = 120°. Tinh géc gifia hai vectd J =2.d — b va ¢ =
@425

—~
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Baitap 1.2 Cho tam gidc ABC c6 dudng hﬁn_giéc trong AD. Hay biéu
thi tuyén tinh ﬁ theo cdc vecto @ =AB: b = IR‘ Cho biét c4c do
dai cdic canh AB=c ; AC = b. n

Baitap 1.3 Cho tam gidc ABC c6 trung tuyén CM vudng géc v6i dudng
. CM
phan giac trong AL. Cho biét AL n. Hay tinh géc A theo n. -

Bai tap 1.4 Cho tam gidc ABC véi dién tich S. Goi E va F 1an lugt
1a trung diém ctia AB va AC. Piém M # C va diém N cling nim trén
canh BC sao cho NM = NC. C4c dudng thdng AN va EM lan lugt cit
BF tai P va Q. bit S’ 1a dién tich t& gidc MNPQ. Chiing minh réng :

1

-5<8 <=8
6

| —

— S
Bai tap 1.5 Cho hai vecto @, b . Chiting minh rang:

[7,7}2+ (7.7)2 _ 2B

S 4 - e o
Bai tap 1.6 Chting minh rang néu ba vecto d, b, théa man dang
thic: N N N
{7, b] + [b,?} +[d,d]=0

thi ba vectd d6 dong phéng. .



30 Dai s6 vecto

Baitap1.7 Cho @, b
5 4 -
rang néu [ , b]

,7 la ba vecto khong dong phang Chlmg minh
[7,?] = _>,7] thi 7—}- b+7C = O va

ngugc lai. C

gian thi:
[@,[7.2)] =@ )5 -(@7)?
Tu d6 hay chiing minh ring:
[@.[5.2]]|+[7.[2.2]]+[7.[2.7]] =0

Bai14p 1.9 Cho tt dién ABCD. Pat DA=d ; DB= b ; DC = .
Goi H la chin dudng vuong g6c ha tit D dén mit phing (ABC). Chiing

minhr?mg:lﬁ}l 7 b,7) d

vi d=[2,5]+[r,2]+[2.7] .

Bai tap 1.10 Cho hai hé truc toa dd truc chuin (I) Oxy va (II) Ix'y’
v6i hé (II) 1a anh cta hé (I) qua phép tinh tién. Biét mot diém M c6
toa do do6i v6i hé (I) 1a (4;—1) va v6i hé (I1) 1a (1; —4). Tim vecto toa
do ciia vecto tinh tién. n

Bai tap 1.11 Cho hai hé truc toa do truc chudn (I) Oxy va (II) Ox'y’
v6i hé (IT) 1a &nh cta hé (I) qua phép quay géc ¢@. Biét mot diém M c6

. < —
| Bai tap 1.8 Ching minh rang néu ., b, 1aba vecto trong khong
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2 2
Tim gbc quay @. n

) 2-3v3 2433
toa do di véi hé (I) 1a (2;3) vavéihe(lma( *[; i f).

Bai tap 1.12 Trong mit phing véi hé truc toa do truc chuén (I) Oxy cho
. 1 2
mot dudng ¢ c6 phuong trinh:x? +3xy —y —4 = 0 va diém I <3; — 9) .
. =
Tinh tién hé truc toa do Oxy theo vecto OI ta dudc hé truc toa do (II)
Ix'y'. Hay viét phuong trinh clia dudng ¢ trong hé truc (II). u







2.1

Phuong trinh téng quat cGia dudng bac hai
Bua vé phuong trinh chinh tac
Tiép tuyén ctia ba duwéng cénic.
Puwong kinh cta ba dwdng conic
Tam, phuvong tiém can va dwdng tiém can

Pinh, tiéu diépf, truc va duong chuin cha

parabol. glglﬁ -Du"dng bac hai

Phan loai duo

Phuong trinh téng quat ciia dudng bac hai

Dudng bac hai 12 mot dudng c6 phucng trinh trong hé truc toa do Dé-cac
vudng goc Oxy la:

f(x,y) = Ax* + 2Bxy +Cy* + 2Dx+2Ey+F =0 (2.1)
trong d6 A, B,C khong dong thdi bang 0.

Truéc hét ta thuc hién phép quay truc toa d0 mot géc u theo cong thic

o e
{x =x cosu—y sinu 2.2)

y =x'sinu+y cosu
Thay x,y tif hé phuong trinh trén vao ( 2.1) ta c6:

f'(x,y) =A'x> +2B'xy+C'y* +2D'x + 2E'y + F' =0 (2.3)
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trong d6:
A" = Acos?u+2Bcosusinu + Csin’u 2.4)
B' = —Asinucosu+ Bcos®u — Bsin?u+ Csinucosu (2.5
C' = Asin®u—2Bsinucosu+ Ccos’u (2.6)
D' = Dcosu+ Esinu 2.7)
E' = —Dsinu+ E cosu (2.8)
F'=F (2.9)

Cach tinh D' va E’.

D E
cosu | sinu

Pé tim D' ta nhan “thing”: D' = Dcosu+ E sinu

Dé tim E’ ta tinh “dinh thitc nguoc”: E' = E cosu — Dsinu

Mubn cho phuong trinh (2.3) khong chita s6 hang chit nhat (hé sb cta
x'y’) ta can chon géc u sao cho B’ = 0, nghia la:

2Bcos2u = (A —C)sin2u

Tir d6 -
tan2u = ——— (2.10)
A—C

Biét dudc tan2u ta tim dudc cosu va sinu tif d6 tinh dugc tat ca cdc sd
hang con lai cia phuong trinh (2.3). Trong trudng hgp riéng khi A = C ta
T

s€ chonu = —.
’ 4



2.1 Phuong trinh tdng quat clia dudng bac hai 35

mVidy21 Véi f(x,y) =x> —8xy+7y> +6x—6y+9=0 .
ta tinh dugc:
tan2 — 4:>0052 3 = COoS 2 sin !
U= —— = — U= — U=— ; sinu=-—
1-7 3 5 V5 5

(tachon 0 < 2u < )
Khi dé:

2u—8sinucosu+7sinu=—1

A’ = cos
C' = sin*u+ 8sinucosu+7cos>u=9

(chiy: A'+C =A+C=28)

D' =3cosu—3sinu= 3\56
E' = —3sinu—3cosu = 9\56
F'=F=09

Vﬁy: f’(x’,y’) — _x/2+9y/2+ y’+9 =0

Tur dé ta suy ra:

6V5, 18V5
5 5

Mt khéc:
B' =0 <= (Acosu+ Bsinu)sinu = (Bcosu+ Csinu)cosu
hay

Acosu+ Bsinu :Bcosu+Csinu:t 2.11)

cosu sinu
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(A—t)cosu+Bsinu =0
Bcosu+ (C—t)sinu =0

Ta c6 thé xem hén trén nhu 12 mdt hé phuong trinh tuyén tinh thuin nhat
v6i hai 4n 12 cosu va sinu. Vi cosu va sinu khong dong théi bing 0 nén
hé phuong trinh c¢6 ngiém khi va chi khi:

‘A—t B _o

B C—t

hay
>~ (A+C)t+AC—B*=0 (2.12)

Phuong trinh (2.12) dugc goi la phuong trinh dédc trung cia dudng bac
hai. Bay la phuong trinh bac hai. Phuong trinh nay luén c6 nghi€ém vi
biét thiic ctia né la:

A=(A4+C)?—4(AC—-B*)=(A—C)*+4B* >0

Ta xét hai truong hop:
Trudng hgp A > 0. Phuong trinh (2.12) ¢6 hai nghiém phan biét #;,1,.
Thay hai nghi€ém nay vao (2.11) ta c6:

H—A B . H—A B
= Vi tanup = =
B th—C B Hh—C

2.13)

tanu =

Hai phuong xac dinh bdi u; va uy trong (2.13) goi la hai phuong
chinh cta dudng béc hai.

tita — Aty + 1) +A?
B2
AC—B>—A(A+C)+A?
Nhu vay hai phuong chinh 14 hai phuong cta hai truc toa dé méi
Ox' vaoy'.

tanu.tanuy =

-1
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e Néu chon u; 1a géc (e_f, e_2>) tiic 1a gbc gitra hai vecto don vi
thudc hai truc Ox va Ox’ thi A’ = ;. That vay theo (2.4) ta c6:

A’ = Acos® u; + 2Bcosu sinu; + Csin® u
= (Acosu; + Bsinuy)cosu; + (Bcosuj + Csinuy ) sinu;

=1 coszul +tzsin2u2 =1
Luu y: tir (2.11) ta suy ra:

Acosu; +Bsinu;  Bcosuj + Csinuy

. =n
cosuj sinu
Ta c6 nhan xétring A+C :i'iC’ =t1+tvaA =t nénC' =1,.
e Néu chon u; la géc (e_1>, e_2>) thi chiing minh tuong tu ta c6
Al=nval =1.
Trudng hop A= (A—C)?+B*=0, nghiala A =C va B=0 . Trong
trudng hop nay dudng bac hai 1a dudng tron.
Néu dudng bac hai khong phai la dudng tron, nghia Ia
phuong trinh dic trung (2.12) c¢6 hai nghi€ém phan biét ¢1,#,. Ta c6 nhan
xét 11 va r, khong dong thdi bang 0, do d6 ta s& xét hai trudng hop.
1. Trudng hgp 1, va 1, déu khac 0. Qua phép quay phuong trinh (2.1)
bién thanh phuong trinh (2.3). Bay gi ta xét phép tinh tién vé gbc
toa do O vé& gbc I biét riing toa do ciia I trong hé truc Ox'y’ 1a (a,b):

X =x"+a
yl — y// + b
Thay x',y’ tit cong thiic trén vao phuong trinh (2.3) ta dudc phuong

trinh ctia dudng bac hai trong hé truc toa do Ix"y” 1a:

f”(x,y) :A//xuz +C//y//2 + 2D”x” —|—2E”y” —i—F" -0 (2‘14)
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trong do: A =1,
"= 153
D' =tia+D
E'=tb+E'
F" = f'(a;b)

Mudn cho phuong trinh (2.14) khong con hé sd bic nhit ta cin tim
a va b sao cho:

D/

a = _—

tla—l—D’ =0 h
b+ E =0 &
h = _——

15}

Lic nay phuong trinh ctia dudng bac hai la:
tlxllz +t2y//2 +FU — 0

@ Néu F” # 0 phuong trinh dua v& dang:

"2 112

A B
Phuong trinh nay biéu dién mot élip, élip 40 hay mot hyperbol.
Néu F" = 0 phuong trinh dua v& dang:

"2

nhx —|—t2y”2 =0

Tuy theo #; va t, trdi diu (hay cung diu) phuong trinh trén
mdt cip dudng thing thuc (hay 4o) cit nhau.
2. Truong hop ¢t = 0 hay t, = 0. Giasti#, = 0khi d6 phuong trinh (2.3)
tré thanh:
nx?+2D'x+2E'Y +F' =0
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@ Néu E’ # 0 phuong trinh trén c6 thé dudc viét:
y/: ax/z_i_ﬁx/_i_,y

Ham s6 bac hai nay biéu dién mot parabol, do d6 dudng bac
hai da cho 1a mot parabol.
@ Néu E’ = 0 phuong trinh trén c6 thé dugc viét:

nx?>+2D'x+F =0

Phuong trinh bac hai nay c6 thé c6 hai nghiém phiic lién hop,
¢6 nghiém kép hodc c6 hai nghiém thuc phan biét. Khi dé
dudng bac hai da cho 12 mot cip dudng thing (thuc hodc 4o
lién hgp) song song hodc trung nhau.

2.2 Pua phuong trinh dwéng bac hai vé dang chinh tac
Gia st ta c6 phuong trinh (2.1):
f(x,y) = Ax* 4+ 2Bxy +Cy* + 2Dx+2Ey+F =0
Buéc 1: Lap phuong trinh dic trung:
*—(A+C)t+AC—B*=0
Gia st phuong trinh dic trung c6 hai nghi€ém phan biét khac 0 1a
t1,t>. D& dinh y, ta ludn chon #; > t,. Tim phuong chinh
Hn—A

tanu) = T

T 09
Ta chon ) <u < PR tur d6 suy ra:

1

v/ 1+ tanZu ;

cosu; = sinu; = tanuy.cosu;
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Buéc 2: Tinh D', E’ theo cdng thiic:

D' = Dcosu; + Esinu;
E' = —Dsinuy + E cosu; (1dy dao ham theo bién u;)
Budc 3: Phuong trinh thu gon:

nx? +0y?+2D'x +2E'Y +F =0
Tim a, b theo cOng thic:

D/ E'
a=—— ; b=——
1 5]

Phuong trinh thu gon tr§ thanh phuong trinh:
n(x' —a)P’+n(y -b)?=dt1+b’t—F

Néu a*t; + b*t, — F # 0 ta dua phuong trinh trén vé& dang chinh
tdc:

X2 y?

SR |

A * B
Théng thuong ddp so la élip hodc hyperbol.

= Vi du 2.2 Dua phuong trinh dudng bic hai sau diy vé dang chinh tic:

X —8xy+Ty* +6x—6y+9=0

e Phuong trinh dic trung:
P—8t—9=0<=1=9;n=—1

11— T
e Phuong chinh: tanu; = ! = —2, chon ) <up; <0tasuyra:

cosu; = sinu; = —

Sl

B
.
\/5 b
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1 2 9
e Tinh D' = Dcosu; + Esinu; =3 x — — 3 X <—> =

V5

m Vi du 2.3 Pua phuong trinh dudng béc hai sau ddy vé dang chinh tic:

5x% +8xy+5y° — 18x— 18y+11=0

e Phuong trinh dic trung:
=100 +9=0<1=9;n=1.
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Hh—A T
e Phuong chinh: tanu; = 1B =1, chon ) <u; <0tasuyra:
V2 . V2
cosu; = — ; sinup = —
1 5 1 e
D/
e Tinh D' = Dcosu; + E sinu; == —V2=a= = V2
1
E/
e Tinh E' = —Dsinu; + Ecosu; =0 = b = = 0
2
e Phuong trinh chinh tic: 9(x' —a)? +y? =7
hay
Xz y?
T + = = 1
9
AV
1
X
-2 -1 1 2 4
-1
2 |

= Vi du 2.4 Dua phuong trinh dudng béc hai sau ddy vé dang chinh tic:
X —6xy+9y? —2x—4y+7=0 ]

e Phuong trinh diic trung: 12 — 10t =0<=1, =10; 1, =0
(d€ dinh y, ta qui udc t, = 0).

tH—A Vs
e Phuong chinh: tanu; = 1T = —3, chon ) <up; <0tasuyra:
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1 } 3

cosu] = — 5 sinup=———
' V10 RVAT)

v 10 D' \v10

e Tinh D' =Dcosu; +Esiny = —=>a=——=———

2 131 20
V10 F —a’t 27
. TfnhE’:—Dsinu1+Ecosu1:—T:>b: 25, 1:—4m

e Phuong trinh chinh tic:
10x2 4+ V10X =10y +7=0<= 10 (x' —a)* —v/10(y =b) = 0

hay
X2=2pY V6i p=
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m Vidu 2.5 Dung dudng béc hai sau diy trong mit phing Oxy:

9x? —6xy+y* —3x4+y—2=0

e Phuong trinh dic trung: 1> — 10t =0 <=1, = 10; 1, =0
(dé dinh y, ta qui uéc t, = 0).

Hn—A 1 T

e Phuong chinh: tanu; = IB = ~3 chon ) <up <0tasuy
ra: V3 _ V3
cosuyp = 7 ) simnuyp = —?

e Tinh E/ = —Dsinuj + E cosu; = 0. Do dé ta du doan dudng bac
hai 1a mot cdp dudng thing. Tinh todn s6 cip nhu sau:

¥ = (6x—1)y+9x* —3x—2=0

A= (6x—1)> —4(9x* —3x—2)=9
Vay phuong trinh dudng bac hai c6 thé dugc viét:

_6x—1+3 _6x—1—3 0
Y 2 % 2 -
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Do d6 dd thi cia dudng bac hai la cip dudng thing song song:

y=3x+1 ; y=3x-2

2.3 Tiép tuyén cta ba duéng cénic.

Dinh nghia 2.3.1
Mot duong bac hai khdng phai la dudng tron va khdng suy
bién thanh mdt cdp dudng thing (song song, triing nhau hodc
cdt nhau) dugc goi 12 mot conic. Ta c¢6 ba dudng conic: élip,
hyperbol va parabol.
Mot dudng thdng d dudc goi 1a tiép tuyén cia conic néu né cit
conic tai hai diém triing nhau.

2. Phuong trinh tiép tuyén.
Gia st ta c6 mdt conic c6 phuong trinh (2.1):
fx,y) = Ax*> +2Bxy+Cy* +2Dx+2Ey+F =0 (S)

va Mo (x0;yo) 12 diém ndm trén conic (S). Phuong trinh tham s6 cia dudng
thing d qua M 1a:
{ X =Xxo+at
y =Yotaat

Thay phuong trinh tham s6 ctia d vao (2.1) ta dugc:
P2 +20t+R=0 (2.15)
trong do:
P =Ad} +2Bajay +Ca3
oF JdF
0= a1.£(m,yo) +az.7y(m,yo)

R = f(x0,y0) =0
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(1) Néu d 1a tiép tuyén ciia (L) thi P # 0 va phuong trinh (2.15) ¢6
ngiém kép t; =1, = 0. Tu d6 suy ra Q = 0 hay:
JoF oF
al-a(xojyo)Jraz-afy(xo,YO) =0 (2.16)

(2) Nguoc lai néu Q = 0 thi P # 0 va phuong trinh (2.15) ¢6 nghiém
kép t1 =1t =0.
Do d6 d 1a tiép tuyén cta (L) khi va chi khi Q = 0.

; 2 < £ —
Gia stt M(x;y) 1a mot diém tuy y trén ti€p tuyén d. Khi d6 vects MoM =

(x — x0;y — yo) ciing phuong v6i vecto @ = (aj;az). VAy phuong trinh
(2.16) c6 thé dugc viét:

oF JoF
(X—XO)-g(xoayo)Jr(y—yo)-a*y(xo,yo) =0 (2.17)

Luu y phuong trinh (2.17) ¢6 thé dugce viét:
Axox+ B(xpy +yox) + Cyoy+D(xo +x) +E(yo+y) + F =0 (2.18)
Phuong trinh (2.17) va (2.18) 1a phuong trinh tiép tuyén ctia conic (L):
f(x,y) = Ax* +2Bxy+Cy* +2Dx+2Ey+F =0

“>r

riéng phuong trinh (2.18) con goi 1a “’cdng thiic tach doi toa dj.”

3. Tiép tuyén clia conic xac dinh b&i phuong trinh chinh tac

Bing cédch chon mot hé truc toa do thich hgp thong qua phép quay va
phép tinh tién, phuong trinh chinh tic ctia ba dudng conic nhu sau:
@ Elip:
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Ap dung cong thtic (2.18) vao phuong trinh chinh tic cta elip, ta
c6: N y

0 0
?(x—xo) + ﬁ(y—YO) =0

Khai trién va thu gon ta dudc:

XoX Yoy

— + 2= =1 (2.19)
@ Hyperbol:
2y
2 pn !
Ap dung cong thiic (2.18) vao phuong trinh chinh tic cia elip, ta
cO: X0 Yo
2=x0) =35 (y=y0) =0
Khai trién va thu gon ta dudc:
XoX Yoy
@ Parabol:
y2 =2px

Ap dung cong thiic (2.18) vao phuong trinh chinh tic ctia elip, ta
co:
p(x—x0) —yo(y —y0) =0
Khai trién va thu gon ta dudc:
yoy = p(x+xo) (.21
Céc cong thic (2.19) , (2.20) , (2.21) dugc goi la cdc cong thiic “tdch doi

toa do”.

2.3.1 Tinh chat quang hoc clia ba dwdng conic-Dinh ly Pascal.
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Pinh Iy 2.3.1
@ Tiép tuyén ciia mot élip (hodic hyperbol) tao véi hai ban kinh
qua tiéu ciia tiép diém nhiing géc bang nhau.
Tiép tuyén ciia mot parabol tao véi ban kinh qua tiéu ciia tiép
diém va truc ciia parabol nhiing géc bang nhau.

A y
i3
Chitng minh.
@ Gia st M(x0;y0) 1a mot diém n3m trén elip (E):
2P
aET
a*  b?

Phuong trinh tiép tuyén tai M la: x—gx + gy =1 (d).
a

Toa do ciia hai tiéu diém 12
Fi(—¢;0) ; F(c;0)

v6i ¢? = a® — b?, § day ta gia sit a®> > b°.
Ta c6:

CcX0

CcX0
_1‘ ‘7

_1‘
a2
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Suy ra:
c
d(F,d) cxo +a? B ngJra) _atexg MF
d(F,d)  |cxo—a?| ‘Exo—a) a—exy MPB
a

Vay géc tao bdi tiép tuyén tai M vé6i hai ban kinh qua tiéu MFy, MF,
la bang nhau.
2 2

@ Chiing minh tuong tu cho hyperbol (H) : x—z —p =
a

@ Gia stt M (x0;y0) 12 mot di€m ndm trén parabol (P): y
Phuong trinh tiép tuyén tai M 1a: p(xo+x) —yoy =0 (d).
Toa do tiéu diém 1a F (g ; o) .
Giao diém ctia d v6i truc hoanh: N(—xo;0). Ta c6 nhan xét:
p p
FN = ‘— _7‘ — 2+l =Fm
X0 3 X0 + 5

Tam gidc FMN cin tai F suy ra goc tao bi tiép tuyén véi truc clia
parabol bing géc tao bi tiép tuyén v6i ban kinh qua tiéu.

2.4 Duwong kinh ctia ba duwdng coénic

Bai toan 2.1 Cho conic (S) v6i phuong trinh tong quét (2.1):
f(x,y) = Ax® +2Bxy+ Cy* + 2Dx+2Ey+F =0

va vectd @ = (ar;az). Tim tap hop trung diém cia cdc day song song
vGi nhau va c6 vectd chi phuong 1a d.

Giai. Goi M(X;Y) 1a trung di€ém ctia mot day thy y MM, trong céc day
song song cd vecto chi phuong d.
Phuong trinh tham sd ctia ddy MM, la:

x =X+4ayt
y =Y+at
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thay phuong trinh tham sd trén vao (2.1) ta dudc:
P2 +20t+R=0 (2.22)
trong do:
P =Ad} +2Bajay +Ca3
0= al.?;(X,Y) +a2.aa§(X,Y)
R=f(X,Y)

Ta gié st phuong trinh (2.22) c6 hai nghiém t,;#, Ging v6i hai diém M;; M,.
. R t+t t+t .
Khidétoad@dieliaM(X—l— 1 tn s 2a2>.\/“1toad()cua

ai Y +
M 1a (X;Y) va vi aj;a; khong dong thdi bang 0 nén ta suy ra f; +1, =
0 <= Q0 =0 hay:

oF JoF
Cl].a(X,Y)—i-az.aiy(X,Y) =0

Ta kiém tra dugc phuong trinh:

oF oF
al-g(xvy)—i_a}aiy(xvy) =0

12 phuong trinh clia mot dudng thdng ma ta goi 1a duong kinh lién hop
véi phiong d ciia conic (S).
@ Trudng hop élip (E) c6 phuong trinh chinh tic:

2 2
% + z—z =1 thi phuong trinh dudng kinh lién hgp v6i phuong a
cta élip (E) la:
A+ 2y=0 (2.23)

a?” o b?
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_

\ L]

Ta c6 nhan xét ring dudng kinh lién hop véi phuong d cha elip
(E) di qua gdc toa do, tic 1a thm ddi xting cta élip.
Néua; #0thik= 915 hé s géc cha cdc diy song song c6 phuong

al
@ = (a1;az). Khi d6 phuong trinh (2.23) dudgc viét:

a

YT
. < b?
12 dudng thing c6 hé sd géc k' = o
a

Ta ¢6 nhan xét

w—_" (2.24)
= .

do d6 vai trd ctia k va k' 1a nhu nhau, nghia 1a:

Duding kinh lién hop v6i phuong k ¢6 hé s6 géc 1a & thi dudng kinh
lién hop vé6i phuong k' s& c6 hé s6 géc 1a k.

Hai duding kinh c6 hé s6 géc k va k thda didu kién (2.24) dudc goi
12 hai duong kinh lién hop.

@ Trudng hgp hyperbol (H) ¢6 phuong trinh chinh tc:
2 2

X y

a2 b

cta hyperbol (H) la:

1 thi phuong trinh dudng kinh lién hop v6i phuong @
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=5y =0 (2.25)

Ta c6 nhan xét rang dudng kinh lién hgp véi phuong d cia hyperbol

(H) di qua gbc toa d, tic la thm ddi xdng ctia hyperbol.

Néua; #0thik= SN hé s géc ciia cdc day song song c6 phuong
ai

d = (a1;a2). Khi d6 phuong trinh (2.25) dugc viét:

2

a
YTk
. ) b?
12 dudng thing c6 hé s6 goéc k' = e
Ta c¢6 nhan xét
kk' = b (2.26)
-3 .

do d6 vai trd ctia k va k' 1a nhu nhau, nghia 1a:

Duding kinh lién hop v6i phuong k c6 hé s6 géc 1a & thi dudng kinh
lién hop vé6i phuong k' s& c6 hé s6 géc 1a k.

Hai dudng kinh c6 hé sd géc k va k' thoa didu kién (2.26) dudc goi
12 hai duong kinh lién hop.

Trudng hgp parabol (P) ¢6 phuong trinh chinh téc:

y? = 2px thi phuong trinh dudng kinh lién hop v6i phucng d cla
parabol (P) la:

yas —pa; =0 2.27)
1y luan nhu trén phuong trinh dudng kinh lién hdp véi phuong & 1a
y= %

1a dudng thing song song vdi truc Ox.
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Tam, phuong tiém can va dudng tiém can cua duwdng bac hai

Tam cuta dwdng bac hai.
Cho dudng bac hai (L) c¢6 phuong trinh (2.1):
f(x,y) = Ax* + 2Bxy + Cy* + 2Dx+2Ey+F =0

Diém I(xo;y0) dudc goi la tm cta (L) néu véi moi diém M trén (L),
diém M’ d6i xting ctia M qua I cling nim trén (L).
Tinh tién truc toa do vé gdc I theo cdng thic:

{ x =xo+X

y =yo+Y

Thay vao phuong trinh (2.1) ta cé:

d d
AX?+2BXY +CY?*+ —f(xo;yo)X + —f(xo;yo)Y + f(x0:y0) =0

dx dy
(2.28)
Diém c6 toa dd (—X;—Y) ciing nim trén (L) do d6 théa man phuong
trinh (2.28), nghia 1a:

d 0
AX? +2BXY 4+CY? — %(xo;yo)x — J(xo;yo)y + f(x0:y0) =0
(2.29)
Cong (2.28) va (2.29) ta suy ra:
0 d
(')j: (x0550)X + (.)i(xo;yo)Y =0
Vi ding thitc ding véi moi X, Y nén tir d6 ta suy ra:
af
ox (XO yO)
af
ay (-XO yO)
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N6i cach khéc toa dd ctia tim (néu c6) 12 nghiém ctia hé phuong trinh:

(2.30)

0
ajyc(x;y) =0

Hé phuong trinh trén tuong duong vdéi:

{ Ax+By+D =0 231)

Bx+Cy+E =0

@ Néu AC — B? # 0 hé phuong trinh (2.31) c6 nghiém duy nhét. Trong
trudng hgp nay ta néi (L) 1a dudng bic hai c6 tAm, nghiém duy
nhat néi trén chinh 1a toa do ctia tAm. Trong tit ca cdc dudng bac
hai, chi cé ba dudng bac hai c6 tam la:

e ¢lip
e hyperbol
cip dudng thing thuc cit nhau.
(2) Néu ma trén < 48D > c6 hang bing 1 thi hé
: B C E ’ ’
phuong trinh ¢6 vo sd nghiém. Ta néi (L) 12 dudg bac hai ¢ vé s6
tdm, doi khi ta con goi (L) 1a dudng bac hai vé tam. Trong tat ca
céc dudng bac hai, c6 hai dudng bac hai v6 tam la:
e cip dudng thing thuc song song
e cip duong thing thuc triing nhau

@ Néu AC — B> = 0 va ma trin < A

D
B C E
phuong trinh v6 nghiém. Trong trudng hgp nay (L) la dudng bac
hai khong cé tam. Chi c6 mot duong bac hai khdng cé tam, d6 1a
parabol.

> c6 hang bing 2 thi hé
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Phuong tiém can.
Cho dudng bac hai (L) ¢6 phuong trinh (2.1):
f(x,y) = Ax* +2Bxy+Cy* +2Dx+2Ey+F =0

— .

Vects d = (a1;a2) khdac 0 dugc goi 1a phuong tiém cén cla (L) néu toa
dd ciia n6 thda diéu kién:

Aa? +2Bajay +Ca3 =0
Ta c¢6 nhén xét néu AC — B> > 0 thi khong c6 vecto nao thoa didu kién
trén.
D& tim phuong tiém cin ciia (L) ta chi xét khi AC — B> < 0. Trong trudng
hop nay, (L) 1a hyperbol hodc mot cdp dudng thng cét nhau.

m Vidu 2.6 Xdc dinh phuong tiém cén ciia dudng bac hai (L):

6xy —8y* +12x—26y—11=0

Giai. Ta tim céc sd a;,a, khong dong thdi bang 0 sao cho

a =0=a;#0 chona; =1

6aja; —8a3 = 0 < 3
aay a as :Zal chona; =4=a,=3

Vay (L) c6 hai dudng tiém cén la:
ai =(1:0) ; a=(43)

Puwong tiém cén cla hyperbol.

Dudng tiém cin ctia hyperbol (H) 12 dudng thing di qua tim va c6 phuong
la phuong tiém can. Nhu vy hyperbol c6 hai dudng tiém can. Dudi dang

phuong trinh chinh tic: 242

2y

a? b2
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hai duong tiém cén ctia hyperbol la:

x2 2
=0
a* b
hay:
&y bxtay=0

@ Ta chiing minh dugc dudng bac hai (L) v6i phuong trinh téng quat:

f(x,y) = Ax* +2Bxy+Cy* +2Dx+2Ey + F =0

N

la:
e hyperbol khi vachikhil, <Ovalz #0
e mot cip dudng théng cit nhau khi va chi khi
L<0valz=0
v6i

A
L= A B =AC—-B*> va L=|B
B C S

A ™
RG]

(2) Néu dudng bic hai c6 phuong trinh (2.1) néi trén 12 hyperbol thi
phuong trinh hai dudng ti€ém cén cda né la:

I

Ax> 4+ 2Bxy+Cy* +2Dx+2Ey+F = 7
2
@ Néu (H) nhan hai dudng thing ct nhau
ax+by+c=0;dx+by+c =0

lam hai dudng tiém can thi phuong trinh téng quat clia né ¢6 dang:

(ax+by+c)(dx+by+c)+k=0v6ik+#0
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That vay, khai trién va thu gon phuong trinh trén ta dugc:

ad'x* 4 (ab' +a'b)xy + bb'y* 4 (ac’ +a)x+ (Ve +'b)y+cc' +k=0
(2.32)

bat:

A=ad 2B =ab +db,C=0bb,2D =ac +dc,2E = bc' +'b,F =

cc' +k

Ta tinh:
1 1 1
I:A _32:_ 72/2 7/2 2_7 / / —
5 C (4ab —|-4ab 2aabb
1 2
:—Z(b’—a'b) <0
A B D A B D A B D
L=|B C E|=|B C E |+|B C E |=klb+#0
D E F D E o 0 0 k
—_——
=0

Vay phuong trinh (2.32) biéu dién mot hyperbol. D& dang kiém tra céc
vectd chi phuong cta hai dudng thidng di cho 1a cdc
phuong tiém cin cta (H). Ngoai ra toa do tdm I cta (H) la nghiém
ctia hé phuong trinh:

Ax+By+D =0
Bx+Cy+E =0

Ta ¢6 nhan xét: hé phuong trinh trén cling chinh 1a hé phuong trinh x4c
dinh tdm ctia duong bac hai:

(ax+by+c)(dx+b'y+c)=0
nghia 1a giao diém cla hai dudng thing da cho chinh 1a tam cta (H).

Tém lai ta da chirng minh dugc:
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Néu (H) nhan hai dudng théng cit nhau
ax+by+c=0;dx+by+c =0
lam hai dudng tiém can thi phuong trinh tong quét ctia n6 c6 dang:

(ax+by+c)(dx+by+c)+k=0v6ik+#0

2.6 Dinh, tiéu diém, truc va dudng chuan cta parabol.
Gia st ta ¢c6 mot parabol (P) c¢6 phuong trinh (2.1):
Ax* 4+ 2Bxy+Cy* +2Dx+2Ey+F =0
v6i AC = B%. Nhu vay A va C ciing déu, do d6 ta c6 thé gi sit ching ciing
duong.
@ Qua phép quay, phuong trinh (2.1) bién thanh phuong trinh:
(A+C)x* +2D'X +2E'Y +F =0 (2.33)

Vi A +C # 0 phuong trinh ¢6 thé dudc viét:

. D \* 22 (, F D?
Bl -0
<X+A+C>+A+C Yt T AtcC

DI p:_ E/ Y:y/+i_ D/2
A+C ° A+C 2E' A+C

Phuong trinh tr§ thanh: X 2= 2pY. Nhu vay phuong trinh truc dbi
/

bit X = x' +

D
u i bolla: X =0 <= x'+—— =0.
xung cua parabol la x+A+C

Luu ¥ céc cong thiic tinh x’ va D' & (2.2) va (2.7) ta c6:
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x =xcosu+ysinu ; D' =Dcosu+Esinu
A . Cc
voi C052 u= m N Sln2 u= m Khi do
cos VA sin + Ve
u= ; u=
VA+C vVA+C

Chon ddu + néu B > 0 va chon ddu — néu B < 0.
Tu d6 ta suy phuong truc ddi xiing cla parabol nhu sau:

DVALE
xVA £y C+ \/M =0 (2.34)

Chon d4u + néu B > 0 va chon d4au — néu B < 0.

@ Dinh ctia parabol 1a giao diém ctia parabol véi truc déi xiing ctia
né. V& mdt mit dai sd, dinh ctia parabol c6 toa do 1a nghiém cta
hé phuong trinh:

Ax* 4+ 2Bxy+Cy* +2Dx+2Ey+F =0

DVA+L+E\C

(Vi hé nay cho ta mot nghiém duy nhat nén dé dang tim duoc
nghiém dé bang may tinh cam tay.)
@ Ngudi ta chiing minh dugc tiéu diém ctia parabol

f(x,y) = Ax* +2Bxy+Cy* + 2Dx+2Ey + F =0

1a giao diém ctia hai dudng thing Flucker. Mdi dudng thing Flucker
¢6 phuong trinh sau:

(fiey)* = (fi(x,))* =4(A—C) f(x,y) (2.35)
[1(x,y).f;(x,y) = 2Bf (x,y) (2.36)
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Khai trién phuong trinh (2.35) véi luu y B> = AC ta dudc:
1
(BE —CD)x+ (AE—BD)y+ 5 (AF—D2 +CF—E2) —0

DE d& nhé ta nhin vao dinh thiic I3 & trén (hodic nhdc lai 6 dudi) va
ghi lai phuong trinh dudng théng Flucker thi nhat nhu sau:

A B D
B C E

D E F

_>'B Dx+‘A D’y+1’A D‘_I‘C E‘:O
C E B E 2|D F| 2|E F

Tuong tw, phuong trinh (2.36) c6 thé tinh toén va thu gon nhu sau:

R N
D E F B E C E E F

Luu ¥: hai duong thing Flucker vuéng géc véi nhau nén phan chit
rat dé nhé.

@ DPudng chuin ctia parabol 1a dudng dbi cuc cta tiéu diém. Phuong
trinh dudng déi cuc ciia mot diém ddi véi mot conic cho bdi cong
thitc “tdch d6i toa dg.”

m Vidu 2.7 Cho dudng béc hai (S) c6 phuong trinh:
X4 2xy+y? —4x+2y—6=0

Chiing minh ring dudng bac hai 1a mot parabol. Hay xéc dinh toa do tiéu
diém va viét phuong trinh dudng chuén ctia parabol. .

Giai: Ta tinh
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1
1
-2

—_— = =
—
Il
|
\O
N
[a]

Viy (S) 1a mot parabol.
Toa dd tiéu diém ciia parabol 12 nghiém ctia hé phuong trinh:

R N U S I 16 A U (R
o1 e P2 2 e 721 =6 T
2 2 )

I e I i B
s
hay: 2e+2y—1 =0 ST
{3x—3y+4 -0 R
YT

Phuong trinh dudng chuin clia parabol cho bdi cdng thiic “tdch déi toa
ao:”

xox + (xoy + yox) +yoy —2(xo +x) + (yo+y) —6=0

Khai trién va thu gon: 6x—6y+17=0

Phén loai dudng bac hai

D& phan loai dudng bic hai dua vao cdc hé s6 A,B,C,D,D,E F ta dit:

L =A+C;L=AC—B ;1=

O =
oy QO ™
o

Ta tinh F” trong cong thiic (2.14)
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D/Z E/Z
F" = f'(a,b) = t;.a> + t2b*> + 2D .a+2E' b+ F = o +F
1 2
_ Fnit,— (Dcosu+ E sinu)*t, — (E cosu — Dsinu)?ty

hi

_ F(AC—BD)
= A
(a+ B cos2u+ DE sin2u) . (p + gcos2u — Bsin2u)
14)
(a— Bcos2u— DEsin2u).(p — gcos2u+ Bsin2u)
14)
_ F(AC—B?)—E(AE — BD)+D(DE — CD)
= 7
Lo o, D+E 5 D? — E? C+A C—A
3 2 2 PT T IT
Nhu vay ta c6 bang phan loai dudng bac hai sau day:
| Ddu hi¢u 1 | Déu hiéu 2 | Tén duong |
L=0 L#0 parabol
cdp dudng thing thuc (hodc 40)
L=0 =0 song song, hodc cdp dudng
thdng thuc trung nhau
I <0 élip
L >0

;>0 élip 4o

L=0 ciip dudng thing 4o cit nhau
L#0 hyperbol

L <0
L=0 ciip dudng thing thuc cit nhau
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Dé dé nhé, ddi véi ba dudng conic: Néu I, < 0 ta cé hyperbol, I, > 0 ta
co élip va I, = 0 ta co parabol.

BAI TAP

Bai tap 2.1 Mot dudng bac hai di qua di€ém A(1;—1) va nhén céc
duong thang 2x+ 3y —5=0; 5x+ 3y — 8 = 0 lam cdc dudng tiém
can. Lap phuong trinh dudng bac hai do. u

Bai tap 2.2 Lap phuong trinh dudng bac hai tiép xdc v6i dudng thdng
4x+y+5 =0 va nhin cic dudng thing x—1=0; 2x—y+1=0
lam c4c duOng tiém cén. m

Baitap 2.3 Lap phuong trinh hyperbol qua cdc diém A(2,1); B(—1, —2);
1 1

C (2; —7 va mot trong hai dudng ti€m cén ctia né trung vdi truc

Ox. =

Bai tap 2.4 Lap phuong trinh hyperbol qua céc diém A(1, 1), tiép xic
v6i truc hoanh tai diém B(3;0) va nhan truc tung 1lam mdt trong hai
dudng tiém cén. PS: x> —4xy—6x+9=0. u

Baitap 2.5 Lap phuong trinh hyperbol nhén hai dudng thing x—1=10
va 2x —y+ 1 = 0 lam hai duong tiém cén va tiép xtic v6i dudng thing
4x+y+5=0. PS: 24 —xy—x+y+5=0. -

Bai tap 2.6 Mot dudng bac hai di qua cdc diém 0(0;0);A(0;2); B(2;4)
va chi ct cdc dudng thdng sau: 3x —2y+1=0; 2x+y—5=0 tai
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I mot diém. Lap phuong trinh ctia dudng bac hai do. .

Bai tap 2.7 MOt dudng bac hai ¢6 tm 1(0; —1), di qua diém B(3;0)
va chi cdt cdc dudng thing 2x —3y+1=0; x+y—5 =0 tai mot
diém. Lap phuong trinh ctia dudng bic hai dé. u

Bai tap 2.8 Mot dudng bic hai di qua cdc diém A(0; 1),B(1;0),0(0;0)
va c6 tam /(2;3). Lap phuong trinh ctia dudng béc hai. u

Bal tap 2 9 Lap phuong trinh dudng bac hai di qua 5 diém
) ( 1’0)7C( 291)7 ( 1’3) |

A(1;0),B(3;1),C(0;3),D(—4;—1) ]

Bai tap 2.11 Lap phuong trinh ctia mdt parabol di qua 4 diém:
A(0;15),B(3;0),C(5;0),D(2;3) =

Bai tap 2.12 Lap phuong trinh ctia mot parabol tiép xic véi truc Ox
tai di€ém A(3;0) va tiép xidc v6i truc Oy tai diém B(0;5). n

Bai tap 2.13 Lap phuong trinh ctia mot dudng bac hai qua gdc toa do,
ti€p xdc v6i dudng thdng 4x + 3y +2 = 0 tai diém A(1;—2) va véi
dudng thing x —y — 1 =0 tai diém B(0; —1). n

Bai tap 2.14 Tim tam, phuong tiém can va dudng ti€ém cén ctia dudng
béc hai 8x* + 6xy —26x— 12y +11 = 0. u

I Bai 1ap 2. 10 Lap phuong trinh dudng bac hai di qua 5 diém
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Bai tap 2.15 X4c dinh giao diém ciia dudng bac hai
x> —2xy —3y* —4x — 6y +3 = 0 v6i dudng thing x+4y—1=0. =

Bai tap 2.16 Tim diéu kién cin va di dé dudng thing Ax+By+C =0
ti€p xic v6i dudng bac hai:

a11x2 +2axy + a22y2 +2a13x+2ax3y+az; =0

(qui udc: ajj = aj Vi, J)
bS:
appr a4z a3
az) dzp azs
asy dszy dass
A B C

QW

Bai tap 2.17 Cho dudng bac hai (S) ¢6 phuong trinh:
42+ —4x+2y—6=0
@ Chitng minh rang (S) 12 mot parabol (P).

@ Tim tip hop nhitng diém ma tir d6 v& dudc hai tiép tuyén vuong
g6c dén parabol noi trén.

Huéng din: Gia sit M(X;Y) 1a diém can tim qui tich. Phuong trinh
hai dudng thdng qua M va vudng géc v6i nhau la:
dl:Ax+By—AX—-BY =0 ; dy:Bx—Ay+AY —BX =0

d; tiép xdc v6i (P) khi va chi khi:

—6BAX —6B%Y +10B> +6A’X +6ABY —8BA+7A*=0 (1)
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d, tiép xtc v6i (P) khi va chi khi:
6BAX —6A%Y +10A> +6B*X — 6ABY +8BA+7B>=0 (2)
Cong (1) va (2) va chia hai vé ciia két qui cho A% + B? ta c6:
6X +6Y —17=0
Vay qui tich cin tim 12 dudng thing 6x + 6y — 17 = 0. Dudng thdng

nay chinh la duong chudn ciia parabol. u

Bai tap 2.18 Viét phuong trinh céc tiép tuyén ctia dudng bac hai
2x% — 4xy +y? — 2x+ 6y — 3 = 0 di qua diém A(3;4). Viét phucng
trinh dudng théng di qua hai tiép diém cla cdc tiép tuyén trén. »

Bai tap 2.19 Cho dudng bac hai:

X2 —2xy+y* +2x— 6y = 0 (S) va dudng thing d : 3x —y+6 = 0.
Viét phuong trinh tiép tuyén tai céc giao diém ctia d va (S) va tim
giao diém ctia hai tiép tuyén do. »

Bai tap 2.20 Tim 2 dudng kinh lién hgp vdi dudng bac hai:

C) : x* — 2xy+2y* — 4x — 6y +3 = 0 bidt ring mdt dudng kinh di qua
gdc toa do. n
Bai tap 2.21 Tim dudng kinh 1ién hgp cda conic:

242 —6xy+9y* — 12x+ 14y —7 =0

PN T
biét rang n6 hgp véi dudng kinh li€n hgp ctia né goéc T u
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Bai tap 2.22 Lp phuong trinh dudng kinh ctia dudng bac hai
2x° +4xy+5y° —8x+6=0
song song v6i dudng thing d : 2x —y+5 = 0. u

Bai tap 2.23 Dua phuong trinh cdc dudng bac hai sau vé dang chinh
tac:

a) 3x% —2xy+3y* +4x+4y—4=0

b) 5x* + 12xy—22x— 12y —19=0

Q) x>+ 6xy+y> +6x4+2y—1=0

d) 4x* — 12xy +9y> —2x+3y—2=0

Q) x> —2xy+y* —4x—6y+3=0
13
d)x2—2xy—2y2—4x—6y—?:0 u

Bai tap 2.24 Viét phuong trinh cdc dudng tiém cin ctia cdc hyperbol
sau:

(1) 32+ 7xy+4y* +5x+2y— 6 =0

(2) 2% +6xy— 12x— 18y +5=0

Baitap 2.25 Viét phuong trinh ctia mot parabol di qua diém (0; 1) nhan

dudng thdng x — 2y = 0 1am mot dudng kinh va tiép xdc véi dudng

théng x +y = 0 tai giao diém cta dudng kinh néi trén véi parabol.
DS: x> —dxy+4y> —4x—4y=0 u

Bai tap 2.26 Cho dudng bac hai () : 6xy — 8y> + 12x— 26y — 11 =0
trong mit phing Oxy.
a) Chiing minh rang (S) 1a mot hyperbol. X4c dinh tdm va céc dudng
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tiém can cla no.
b) Tim hai phuong chinh ctia dudng va viét phuong trinh chinh tdc
cua (S).

Bai tap 2.27 Cho dudng béc hai (S) : x> + 2xy+y> —4x+2y—6 =0
trong mit phéng Oxy.

a) Chiing minh rdng () 1a mot parabol. Xac dinh dinh, truc déi xing,
tiéu diém va dudng chuén clia no.

b) Viét phuong trinh chinh tic va vé (S) trong mdt phéng Oxy. .

Bai tap 2.28 Cho dudng bac hai (S) : x* 4 4xy +4y> + 8x+6y+2=0
trong mit phing Oxy.

a) Ching minh rang (S) 1a mot parabol..

b) Tim hai phuong chinh ctia dudng va viét phuong trinh chinh tdc
cta (S). Tu d6 vé (S) trong hé truc toa do Oxy. n

Bai tap 2.29 Cho dudng tron (C) : x> 4+y? —2(¢2 =3t + 1)x — 2(> +
2t)y+t= 0

Vi t 12 tham s6.

Tim qui tich tdm cta ho dudng tron néi trén. Chiing minh ring qui
tich 12 mot parabol. Hay tim toa do dinh, tiéu diém va viét phuong
trinh truc d6i xting va dudng chuén ctia parabol néi trén. -

Bai tap 2.30 V6i gid tri nao cia m thi phuong trinh
mx* +4xy —9y* + 2mx —6y+1=0

xdc dinh mot cdp dudng théng thuc cit nhau trong mit phing Oxy.
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Huéng dan: I, = 29 =-9m—4
m 2 m
L=|2 -9 -3 |=-30m—4+9m*
m =3 1
ycbt<:>{2 20 @ngi@ .

Bai tap 2.31 Tim quy tich tAm cta tt c4 nhitng dudng cong c6 phuong
trinh:
(C) :x® +2xy—y* —2mx+4my+1=0

trong d6 m 1a tham sd. .

Bai tap 2.32 Tim quy tich tAm ctia tit c4 nhitng dudng cong bic hai
(C) di qua bdn diém 0(0;0);A(2;0); B(0;1);C(1;2). .

Bai tap 2.33 Cho mot conic ¢ phuong trinh:
(S) : mx® 4 2xy 4+ my* + 2mx — 2my = 0

v6i m la tham sd. Xdc dinh m d€ (S) 1a dudng bac hai c6 tAm va tim
qui tich tim ctia conic (S) khi m thay doi. .
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at tron xoay.
at tron xoay bac hai.
Mat bac hai.
Mat ké bac hai va dudng sinh théng.

3.1 Mat tron xoay.

Pinh nghia 3.1.1 Mdt tron xoay la mat tao bdi mot duong quay mot
vong xung quanh mot truc.

Tu dinh nghia ta suy ra néu cit mit tron xoay bdng mot mit phing vudng
gbc véi truc thi ta dudc thiét dién 12 mot dudng tron c6 tim trén truc.

3.1.1 Phuong trinh chinh tac.

Gia st trong khong gian Oxyz cho mot dudng ¢ xac dinh bdi hé phuong

trinh:
{x = f(2)
y =2()
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Ta quay dudng ¢ mét vong xung quanh truc Oz. Hay tim phuong trinh
clla mit tron xoay () tao thanh.

Puong ¢ goi la dudng sinh ctia mit tron xoay (7).

e Gid st M(X;Y;Z) la di€ém tly y trén mit tron xoay (7). Qua M ta
dung mot mdt phdng vudng géc véi truc Oz cdt mit tron xoay (1)
theo mot dudng tron tdm / thudc truc Oz va cit dudng / tai diém
N(x;y;2).

X

Tac6 IM? =X*>+Y>vaIN? = x> +y* ViM ciing ndm trén dudng
tron tAm I nén IM = IN suy ra: X> + Y2 = x> +y°.

Diém N(x;y;z) nim trén mit phéng z = Z nén:
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Vay:
X472 =fA(2)+¢*(2) (3.1)
e Ngudc lai néu diém M c6 toa dd (X;Y;Z) thod3 man phuong trinh
(3.1). Qua M dung miit phdng vudng géc véi truc Oz cit truc Oz &
I va cit dudng ¢ & diém N(x;y;z). Ta c6 z = Z, ngoai ra:
IN* =x*+y* = f2(2)+8*(Z) =X*+Y* = IM*

Vay diém M nim trén miit tron xoay (7).
Tém lai phuong trinh ctia mét tron xoay () do dudng ¢ quay mot vong
xung quanh truc Oz la:
2 +y* = 2(2) +8°(2) (3.2)

Tuong tu phuong trinh ctia mét tron xoay tao thanh khi quay mot dudng
xung quanh truc Ox va Oy lan lugt 1a:

Y+ = fi(x) +gix) (3.3)

X+ =f0)+80) (3.4)

3.2 Mat tron xoay bac hai.

binh nghia 3.2.1 Mit tron xoay bac hai 1a mat tao béi mdt dudng bac
hai quay mot vong xung quanh mdt truc ddi xiing ctia né.

3.2.1 Elipxoit tron xoay.

Trong khong gian Oxyz cho €élip nim trong médt phdng Oxy nhan hai truc
Ox, Oy lam hai truc ddi xting c6 phuong trinh:
2 2
4+ =i
az  b? (3.5
z =0
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Quay élip mot vong xung quanh truc Ox ta dudc modt mat tron xoay va
goi la élipxoit tron xoay truc Ox.

Tu phuong trinh (3.5) ta suy ra:

Cong hai phuong trinh trén
vé vé6i vé ta dugc:

xZ y2 Z2
Stnta=1 (66

Tuong tu phuong trinh ctia
mdt Elipxoit tron xoay truc Oy
do ta quay €lip (3.5) mdt vong
xung quanh truc Oy la:

X

2 2 2
x° 0y Z

Hyperboloit tron xoay.

Trong khong gian Oxyz cho hyperbol ndm trong mit phéing Oxy nhan hai
truc Ox, Oy 1am hai truc ddi xting c¢6 phuong trinh:

2 2

2o

az  b? (3.8)
z =0
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a) Quay hyperbol mot vong xung quanh truc thuc cia né ta dugc méot
mit trdn xoay va goi 12 hyperboloit tron xoay hai tang.

Tt phuong trinh (3.8) ta suy ra:

2
X
f+12:b2<2—4>
a

hay: 2 2 2
Tt (3.9)

) 2006 Encyelopsdia Britannica, Inc.

b) Tuong tu phuong trinh cia mdt hyperboloit tron xoay truc mot tang
do ta quay €lip (3.8) mot vong xung quanh truc 4o ctia né la:

x2 y2 Z2
S-mt =1 (3.10)
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3.2.3 Paraboloit tron xoay.

Quay parabol
¥ =2z
x =0

xung quanh truc ddi xting ctia n6 1a truc Oz ta nhan dugc mot mit goi 1a
mat paraboloit tron xoay. Phuong trinh ctia paraboloit tron xoay la:

X +y*=2pz

5. Cac mat tron xoay khac.
@ Mat nén tron xoay. Trong khdng gian Oxyz xét mot cdp dudng
théng cdt nhau tai goc toa d9, ndm trong mit phing Oxy c6 phucng

trinh: ) )
o2 =0
2B (3.11)
z =0

Quay ciip dudng thing nay mdt vong xung quanh truc Ox, ta dugec
mot mat 1a mdt non tron xoay truc Ox. Phuong trinh cia mit nay
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N

la:

Tuong tu quay cip dudng thing (3.11) nay mdt vong xung quanh
truc Oy, ta dugc mdt mét 1a mdr non tron xoay truc Oy. Phuong
trinh ctia mét nay la:

x2 y2 ZZ

2 rta=’
@ Mat tru tron xoay. Trong khong gian Oxyz xét mot cdp dudng

thdng song song véi truc Oy, ndm trong mit phing Oxy va céch
déu truc 4y, c6 phuong trinh:

2 2
{x'“l :O (3.12)

Quay cédp dudng thing nay mot vong xung quanh truc Oy, ta dugc
mot mdt tru tron xoay. Phuong trinh clia mét nay la:

P+ =d (3.13)

@ Ciip miit phiing song song, ciip miit phing tring nhau.
Céc phuong trinh sau:

biéu dién cdp mit phdng song songnéua#0; b#0; c#0va
biéu dién céc ciip mit phdng tring nhau néu

a=0;b=0;c=0.
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Mat bac hai.

Phép co vé mat phang (Oxy) véi hé sé k.

Gia stt M(x;y;z) 1a mot diém tuy y trong khdng gian Oxyz. Phép bién
hinh bién diém MP(x;y;z) thanh diém M'(X;Y;Z) sao cho

X =x
Y =y
Z =kz

dudc goi 1a phép co vé mqit phing Oxy véi hé sé k.

2. Mat élipxoit.

Cho mot €lipxoit tron xoay:

2 22
Xy oz
-+ 2 +— 2 =1 (3.14)
thuc hién phép co moi diem ciia élipxoit tron xoay néi trén vé mit phéng
Oxy v6i hé s6 co k = 5 ta dugc mot mét goi 1a mdr élipxoit.

Phép co néi trén cho ta:

X =x
Yy =y
Z =kz
z =< ey
b° ¢ =4
thay vao phuong trinh (3.14) ta dudc:
X2 yr 72

Phuong trinh (3.15) dudc goi la phuong trinh chinh tdc cua
élipxoit.
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3.3.2 Mat hyperboloit.

Tuong tu nhu trén, v6i phép co thich hgp cac hyperboloit tron xoay mot
tang, hai ting ta dugc cdc hyperboloit hai tang, mét tang.

Phuong trinh chinh tic ctia mot hyperboloit hai tang 1a:

Sl . | (3.16)

Phuong trinh chinh tic ctia mdt hyperboloit mot ting la:

x> y* 72

3.3.3 Mat paraboloit.
@ Mat paraboloit eliptic. Cho mét paraboloit tron xoay:
Y +2=2px
V6i p > 0 ta diit p = a® phuong trinh trén dudc viét:
o2

;—FE:ZX (3.18)

5 . . b
Thuc hién phép co v€ mét phang Oxy v6i hé s6 co k = —:
a

=X
y
b
Ca

N~
I

Z

thay vao phudng trinh (3.18) ta dugc mot mét goi la paraboloit
eliptic v6i phuong trinh chinh tic:

2 2
y— n % 2X (3.19)
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Néu cét paraboloit eliptic bing mdt mit phing vudng géc véi truc
Ox c6 phuong trinh x = o ta ¢6 thiét dién tao thanh 12 mot elip:

2 2 »
m?2  n?
X =

Miit paraboloit hyperbolic. Ta xét hai parabol (I) (AOA") va (1I)
(BOB') cling ¢6 dinh & gbc O cuing nhan truc OZ 1am truc ddi xing
(xem hinh vé ¢ dudi), v6i phuong trinh ctia ching la:

X? =24’z Y:? =-2*7
M { v —o L {X 0

Ta giit parabol (I) ¢d dinh va tinh tién parabol (II) sao cho dinh ctia
(I1) chay trén parabol (I), mét phdng chita parabol (IT) luon Iudén
song song v4i mit phdng Y OZ va truc ctia parabol (II) lu6n ludén
song song v4i truc OZ. Ngudi ta chitng minh dugc mét tao thanh
¢6 phuong trinh:

X% y?
S 27 (3.20)

Phuong trinh (3.20) goi 1a phitong trinh chinh tic ciia mdt paraboloit
hyperbolic. Mit paraboloit hyperbolic con goi 1a mdt yén ngua.

A
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Mat nén bac hai.

Dung phép co thich hgp thi mdt mét nén tron xoay trd thanh mdt mét nén
bac hai ma phuong chinh tic 1a:

Xz y* 72
Ef_ﬁﬁizzo (3.21)
hay:
Xz yr 72
—+ = =0 (3.22)

Mat tru bac hai.

Xét mit tru tron xoay (3.13):

PP =d
Thuc hién phép co vé mit phing Oxy:
X =x
Yy =y
7 = Ez
a

Thay vao phuong trinh (3.13) ta c¢6 madt tru eliptic:
X2 y?
i (3.23)
C3t mit tru eliptic bdng mot mit phdng song song v6i mit phdng (Oxz)
ta dudc thiét dién 12 mot elip:
X2 y?
"z
Z =k

a2

Mt tru eliptic (3.23) con ¢6 thé tao nén bing cach khic nhu sau:
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Trong mit phéng toa dd (Oxz) ta lay elip
c6 phuong trinh:

<
2t2 = (3.24) v
va mot dudng thing ¢ di dong sao cho /
ludn ludn song song véi truc Oy va dua ///

trén elip (3.24). Budng théng ¢ nhu thé
s& v€ ra mat tru eliptic (3.23).

Phuong trinh (3.24) goi 1a duong chudn
clia mit tru v moi dudng thdng hoan
toan nidm trén mit tru (nhu duwdng thing
?) goi 1a duong sinh thdng ciia mdt tru.

Tuong tu néu ta 1dy dudng chuin 1a hyperbol, parabol va ho dudng sinh
thdng vubng géc v6i mit phing chita dudng chuén thi ta dugc mdit tru
hyperbolic, parabolic.

Phuong trinh chinh tic ctia mit tru parabolic c6 dang:

Y2 =2pX (3.25)

Phuong trinh chinh tic ctia mit tru hyperbolic c¢6 dang:
2 2

az 2

=1 (3.26)
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Ngoai ra ciing c6 thé xem ciip mit phing cit nhau, song song hay tring
nhau 12 nhitng mit tru bac hai ¢6 dudng chuan 1a cdp mit phéng cit nhau,
song song hay tring nhau.

Tém lai ta c6 cdc mit bac hai sau day:

@ élipxoit (mt cau 1a mot élipxoit @ miit tru eliptic
diic bict) e

@ hyperboloit hai ting ma?t tru hyp erbc?lic
@ hyperboloit mot tang @ mdt try parabolic

@ paraboloit eliptic cip mét phéng cit nhau,

@ paraboloit hyperbolic @ cdp mit phdng song song
(mdt yén ngua) @

cdp mit phing tring nhau
mit n6n bic hai dp mat phang trung
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3.4 Mat ké bac hai va dudng sinh thang.

Dinh nghia 3.4.1 Mot miit sé dudc goi 1a mit k& néu qua bat ky diém
nao ctia né ludn c6 it nhit mot dudng thing ndm hoan toan trén mit
ay.

Nhu vAy mit ké 1a mit tao nén bdi mot tip hop dudng thing. Mbi dudng
théng cla tap hop dy goi 1a mot duong sinh thing clia mit ké.

Tur dinh nghia ta thiy ngay mit nén bac hai, cdc mit tru va cdc ciip mit
phéng 1a cdc mit ké bac hai.

Ngoai ra ngudi ta con thay mit hyperboloit mot ting va mit yén ngua la
nhitng mat ké bac hai.

3.4.1 Puéng sinh thidng cGia mét hyperboloit mét tang.

~---__ Cho mdt hyperboloit mot tang
3.17):

Phuong trinh (3.17) ¢6 thé dudc
viét:

DIGHNCHICS

Xét hai ho dudng thing:
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va

(3.28)

trong d6 céc cdp sd thuc p,q va p’,q’ khong ddng thdi bing 0.

Ta thiy céc ho dudng thing ¢ va ¢ hoan toan nim trén mit hyperboloit
mot ting. Néu cho cdc tham sd p, g va p’, ¢’ 1dy moi gid tri c¢6 thé dudc
thi ta nhan dugc tit ca dudng sinh thing cia mit hyperboloit mot ting

cho bdi (3.27) va (3.28).

Mot hinh &nh ctia mit hyperboloit mot tAng & trang 94 thdp cdng Kobe

(Nhat ban) cao 108 mét.

m Vidu 3.1 Tim dudng sinh thdng cta hyperboloit mot tang

il
977

di qua diém M(3;2;1).

Z_,
1

Giai: Ta thiy diém M niim trén mt hyperboloit mdt tAng da cho. Phucong
trinh cta hai ho dudng sinh thing ctia mit la:
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(5+1) =o(+3)
14
o(5-3) =o(1-3)
" ',,f<x+1> —¢(1-2)
p 31 2
(-5 ()

Vi M € { nén toa do diém M thda man phuong trinh ctia ¢, suy ra p = q.
ViM € /' nén toa do diém M théa min phuong trinh ctia ¢/, suy ra p’ = 0.
@ Néu p = ¢, chon p = g = 6 ta dudc dudng sinh théng thudc ho thi
nhét 1a:
2x—3y+6z—6 =0
{ 2x+3y—6z—6 =0

@ Néu p'0 — ¢’ # 0, chon ¢’ = 1 ta dudc dudng sinh thing thudc ho

tha hai 1a:
y=2 =0
x—3z =0

3.4.2 Tinh chat clia cac dwdng sinh thang ctia mat hyperboloit mét tang.
Cho mot hyperboloit mot tang:

x2 y2 ZZ

Stm =1 (3.29)

cit hyperboloit bdi mit phing toa do Oxy ta dudc mot elip, goi l1a elip
that.
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Pinh 1y 3.4.1 Hai dudng sinh théng ctia mot hyperboloit mdt tang thudc
hai ho khdc nhau thi ludn ludn ndm trén cing mot mét phdng. Ching
song song véi nhau khi va chi khi chiing di qua hai diém ddi tam ctia
elip thit.

Chitng minh.
Xét hai ho dudng sinh thng ctia hyperboloit mot tang (3.29):

.
o22) o)
a c b

y
1-2
)

_Q
7N
Q=
|
aIxN
~_
1

S}
/N

va

Q| =
+
SEEs

I
A

N~
I
BN
S/ N N
L
|
S =
~  —

Q=
\
ol
S <

D& cho gon ta dit:

X y z
-=X;,>==Y,;,-=2Z
a b c

Nhu vay:
pX—qY+pZ—q =0
gX+pY—pZ—p =0

va

ol PX+dY+pZ—q =0
¢X—-pY—qZ-p" =0

Vi p va g khong ddng thdi bing 0 nén ta c6 thé gia sit p* 4+ ¢> = 1. Tuong
t ta c6 thé gia sit p”? + ¢ = 1.
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Khi d6 vecto chi phuong ciia £1a @ = (¢ — p>:2pq; 1), vecto chi phuong
cia ¢ la 2 = (¢% — p?.—2p/¢’;1). Ta lady trén ¢ diém
A(2pq; p* — ¢*;0) vatrén ¢ diém B(2p'q’; ¢ — p'*;0). Tur d6

AB = (2p'q —2pg:q” — p* + ¢* — p*:0)

Xét dinh thiic:
g —p 2pq 1
2 2 !/
q°-—p —2p'q 1=
2p'q —2pq ¢ —p*+q—p> 0

q*—p*—(¢* - p?) 2—2(127’q’ + 2pq) X
2(p'd — pq) 4" —p"+ (g —p°)

=(q* =P = (- p*)+4(P'd)* — 4(pq)*

— (p/2 +q/2)2 . (pZ _|_q2)2 —0.
Vay £ va ¢ cing nim trong mot miit phéng.

— N
¢ va ¢’ song song khi va chi khi £ £ ¢ va @, b cung phuong. Didu nay
tuong duong vé6i A # B va pg+p'q =0vag® — p* +4¢* — p'* =0, hay
tuong duong véi A va B 1a hai diém xuyén tAm ddi cia elip thit.

Ta da chiing minh xong dinh ly.

Dinh 1y 3.4.2 Hai dudng sinh thing ctia mot hyperboloit mot ting thudc
cung mot ho thi chéo nhau.

Chitng minh.



3.4 M3t k& bac hai va duding sinh thang. 89

Ta ldy hai dudng sinh thdng phan biét ctia hyperboloit mot tang (3.29) tur
cung mot ho:

y
Pl("‘) ZQI<1+b>
4
X _ ) _ -2
7 a c¢ —h b
va
X z
(549 w4
a c b
%)
X ) _ 1=
\qz a c¢ — P2 b
D& cho gon ta dit:
Tox:doyii=z
b T ¢
Nhu vay:
pX—qi¥Y+pZ—q1 =0
gX+plY—pZ—pr =0
va

{PzX—tJZYerzZ—qz =0
X +pY —prZ—py =0

Vi p; vag; (i = 1,2) khong ddng thoi bing 0 nén ta c6 thé gid st p? + g7 =
1.

Khi d6 vectd chi phuong cta ¢; 1a a = (ql2 — pl.2;2pl~q,~; 1). Ta lay trén ¢;
diém A;(2piq; pl-2 — q,-z;O). Tu d6

—
A = (2p2g2 = 191 )i 03— B+ i~ p1:0)

Xét dinh thtc:
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qi — pi 2p1q1 1
45 — P> 2p2q2 1=

2(p2g2—p1q1) Pi—a@3+qi—pi O

2(p22—p1q1) 3 —a5+ (g1 —pi)

G-p5— (g1 —p))  2(p2g2—pran) ‘

= (cI% —P3tpi- Q%)Z) —4(p2g2— prn)* <0
Xay ra dau bing khi va chi khi:

{qﬁ—pﬁﬂﬁ—q? =0 { G-q =0
P292 — P1q1 =0 r2g2—piqi =0
Luu§: pi+qi=1; p3+q5=1

Néqu:0:>CI1:O.
(2) Néugr = g1 # 0 thi pr = p1.
(3) Néugr = —q1 #0 thi py = —py.
cé ba trudng hop déu suy ra £ = ¢,. Tréi gia thiét.

Vay £ va ¢’ chéo nhau.

3.4.3 Tinh chéat clia cac dudng sinh thang cia mat paraboloit hyperbolic.

Cho mdt mét paraboit hyperbolic:

2 2
Z
27 — 5= (3.30)
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Dinh Iy 3.4.3 Hai dudng sinh thdng clia mot paraboloit hyperbolic
thudc hai ho khéc nhau thi Iudn ludn cit nhau.

Chitng minh.
Xét hai ho dudng sinh thing cta paraboloit hyperbolic (3.30):
y Z (Y < !
p — e —_ —_ fry 2
P<a+b> qx P(a+b> q
va /'

Nhu vay:
va

Xét hé phuong trinh:
q¥ —qZ—=2p =0 (1)
PY+pZ-24 =0 (2)
gX—pY—-pZ =0 (3)
PX-q¢Y+4qZ =0 (4)
Ta c¢6 nhan xét hé phuong trinh (1), (2), (3) ¢6 nghiém duy nhit 1a:

x _2d
/
q
v :ppPJrqq’
/
pa.
pp' —4qq
Z :%
r'q
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Thay vao (4) ta c6:

dr 4 (P'p+dq) ¢ (—d'q+pr'p)
qp’ qp’

~2pp'd —pp'd —qq* +aq4* —pp'd

_ > _

PX—qY+472=2

0

Viy hé phuong trinh ¢6 nghiém duy nhét, nghia 1a £ va ¢ cit nhau. Ta da
chiing minh xong dinh ly.

Pinh Iy 3.4.4 Hai dudng sinh thdng ctia mot paraboloit hyperbolic
thudc cung moét ho thi chéo nhau.

Chitng minh.
Ta ldy hai dudng sinh thing phan biét ctia paraboloit hyperbolic (3.30) tir
cung mot ho:

Z
P (y—i- ) =q1x P2 <y+> = QX
a a b

él Vé €2
y Z y z
6]1<a b> P1 é]2(a b) P2

D& cho gon ta dit:

S &

z
x=X:2-v: -z
Nhu vay:
41{ X —plY—pZ =0
qY—-qZ—-2p; =0
va

62{ X —pY —p2Z =0
@Y —qZ—2py =0



Khi d6 vectd chi phuong ciia ¢; 13 @ = (2P; 1;1), v6i P = 2. Ta 14y trén

qi
¢; diém A; <P,~2;O; —2P,~). Tt d6
ALAS = (72 (Pf —Pzz) :0;—2b (P, fpz))
N L -

Vectd nay cung phuong véi vectd b = (P, + P»;0;b).
Xét dinh thtc:

2P 11 2P 11
D=| 2P, 1 1|=|2Ph-2P 0 0 |=2b(P—P).

P+P 0 b P+P 0 b

NéuPl =P thi¢; =45, do d(’)D#O.
Vay £ va ¢’ chéo nhau la diu phai chiing minh.

Thap cdng Kobe la mot cong trinh kién triic theo mé hinh ciia mot hyper-
boloid mét tang. Thdp cao 108 mét va cé mét dai quan sdt 6 dé cao 90,28
mét trong thanh phé cang Kobe, Nhat Bdn. Thdp véi mau thép do cung
cdp mot cdi nhin ngoan muc ra vung vinh va cdc khu vicc xung quanh.
Viéc xdy dung thdp duoc hoan thanh vao ndm 1963 va rdt giong véi thdp
Canton & Qudng Chéu, Trung Quoc.
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BAI TAP

Bai tap 3.1 Lap phuong trinh mit trdon xoay do dudng thing

x =142t
d:¢ y =-3+3¢
Z =1

quay mot vong xung quanh truc Oz tao nén. =

n6 c6 phuong trinh:
X =t
d: ¢y =142
z =-3-2
va diém M(1;—2;1) ndm trén mit tru ay. .

Bai tap 3.3 Viét phuong trinh cla paraboloit hyperbolic qua hai dudng
thing

y ==+x
z =0

va qua diém A(1;2;3) biét ring Oz 1a truc ddi xtng. .

Bai tap 3.4 Tim dudng sinh thing cia mit yén ngua

2

=

‘ Bai tap 3.2 Lap phuong trinh ctia mit tru tron xoay biét ring truc ctia

16 4

o)}
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I biét n6 song song v6i mit phéng 3x + 2y — 4z = 0. .

Bai tap 3.5 Tim dudng sinh thdng cia mit yén ngua

2 2
Xty
=L =2
6 9
biét né di qua didm A(8;3v/2;1). .
Bai tap 3.6 Cho mait yén ngua
2oy =2

Tim quy tich nhiing giao diém ctia nhiing cip dudng sinh thing vudng
g6c v6i nhau. =

2 P
Tim quy tich giao diém ctia nhiing cip dudng sinh théng cta (S) vudng
gbc véi nhau. m

Bai tap 3.8 Chiing minh ring hinh chiéu vudng géc clia cidc dudng
sinh thng ctia mit yén ngua
2y

2P E

‘ Bai tap 3.7 Cho mat yén ngua
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trén mit phang (Oxy) tiép xic véi parabol:

P» = 2a2z
y =0

Bai tap 3.9 Viét phuong trinh elipxoit ¢6 truc trung véi truc toa do,
biét ring n6 di qua di€ém A(3;1;1) va di qua dudng tron c6 phucng
trinh

2 2 2
X<y oz

s A et

9+8 5 u

Bai tap 3.11 Tim dudng thdng di qua diém A(1;1;1) va nim trén
hyperboloit mot tAng: x* 4+ y> — 22 = 1. =

Bai tap 3.12 Tim dudng sinh thing ctia hyperboloit mot ting P4y =
2(z* 4 1) di qua diém A(1;1;0). .

2 2
Bai tap 3.13 Cho mot hyperboloit mot tang: 9 + 1 22 =1 vamit
phing 2x + 3y — 6z — 6 = 0. Chting minh rdng giao cta hyperboloit

‘ Bai tap 3.10 Tim giao tuyén clia mit phing x = 9 va mit hyperboloit
‘ va mit phing 1a mot cdp dudng thing. n
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Bai tap 3.14 Lap phuong trinh élipxoit biét ring né nhan céc truc toa
dd lam truc d6i xting va né cdt cdc mit (Oxz) va (Oyz) theo cdc dudng:

x2 Z2

y
T4 L =1
=+ : R
X

=0

=N
YN

16 3
y =0

Bai tap 3.15 Lap phuong trinh élipsoit qua M(1;2;v/23) va cit mit
2y |
phéng (Oxy) theo dudng (C): { o T 16 .

Z =0

cua elipxoit:
2 2 2
X<y z
—+73 B2 -l- =1

v6i cdc mit phdng x = k = const déu c6 cling tAm sai. U
Bai tap 3.17 X4c dinh mot mit bac hai do mot dudng thing d chuyén
dong tao nén biét ring nd ludn tua Ién ba dudng thing:

d: —=—=—:d>:
S T T T

x_y-1_2z =2 _y_z g X _yfl_z
11”72 1

Hué6ng dan:
DPudng thdng d c6 thé dudc xem nhu x4c dinh bdi mot di€ém Mo (2t;1; 1)

| Bai tap 3.16 Chiing minh ring tt ca cdc elip dudc tao nén bdi giao
‘ trén d va cét hai dudng thing dy;ds. Goi M(x;y;z) 1a mot diém tuy y
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trén d. Do d va d; (i = 1,2) cét nhau ta c6:

x—2t y—1 z+t x—=2t y—1 z+t
2t—2 1 —t |=0 va 2t 2 —t [ =0
0 1 0 2 0 1

Khai trién c4c dinh thic, ta c6:
x+2y—2z—2+t(x—2y+2z—2)=0vax—2z—2t(y+1)=0

¥ ¥y oz
Khir ¢ gitta hai phuong trinh ta dugc: y T T 1° 1 -

(3]

Bai tap 3.18 Tim dudng sinh thdng ctia mit

a) (S):y? 4 3xy+2yz — zx + 3x 42y = 0 va di qua gdc toa do.

b) (S) : x* +y? 4+ 5722 — 3xy + 2yz — 2zx — 9 = 0 va song song Vi
x—1 y+3 z

dudng thing: — T

Bai tap 3.19 MOt mit phing song song v6i mit phdng x+y—z =10
cit mit hyperboloit mot ting x> 4+y? — 22 =1 theo hai duong sinh
thdng. Tim giao diém ctia hai dudng sinh thdng nay va tinh géc tao
bdi ching. u

Bai tap 3.20 Chling minh ring mit phing 2x — 2y — z+ 16 = 0 giao
vGi paraboloit hyperbolic x> — 4y? = 2z theo céc dudng sinh théng.
Viét phuong trinh ctia cdc dudng sinh thing nay. u

2 2
Bai tap 2.21 Tim dudng sinh thing ctia mit (S) : f—6 -~ yz — 7 biét

rdng no song song v6i mit phang (P) : 3x+2y —4z = 0. n
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. 2 P 2
Bai tap 3.22 Cho mit hyperboloit mdt tang (S) : =— + =— — 9= 1 va

. 25 16
diem A(5;—4;3)
a) Viét phuong trinh cdc dudng sinh théng cta (S) di qua diém A.
b) Viét phuong trinh cdc dudng sinh thdng cla (S) song song véi cdc
dudng sinh thdng & cau trén.
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